Matematisk-fysiske Skrifter 
udgivet af 
Det Kongelige Danske Videnskabernes Selskab 
Bind 1, nr. 6 


Mat. Fys. Skr. Dan. Vid. Selsk. 1, no. 6 (1958) 


THE ANALYTIC PROPERTIES OF 
THE VACUUM EXPECTATION VALUE OF A PRODUCT 
OF THREE SCALAR LOCAL FIELDS 


BY 


"G. KALLEN annb A. WIGHTMAN 


København 1958 


i kommission hos Ejnar Munksgaard 


" DET KONGELIGE DANSKE NERENSREBRRN ES SELSKAB udgiver følgende 
publikationsrækker: 
THE ROovaL DANISH ACADEMY OF SCIENCES AND LETTERS issues the. å 
i following series of publications: 


SR ; : Bibliographical Abbreviation 
Oversigt over Selskabets Virksomhed (8) — Overs. Dan. Vid. Selsk. 
(Annual in Danish) 


- Historisk-filosofiske Meddelelser (8) Hist. Filos. Medd. Dan. Vid. Selsk. 
Historisk-filosofiske Skrifter (49) Hist. Filos. Skr. Dan. Vid. Selsk 
—… (History, Philology, Philosophy, ; ; 
Archeology, Art History) 


Matematisk-fysiske Meddelelser (8?) "—… Mat. Fys. Medd. Dan. Vid. Selsk 
Matematisk-fysiske Skrifter (49) g …… Mat. Fys. Skr. Dan. Vid. Selsk. 
"((Mathematics, Physics, Chemistry, ) ; 

"Astronomy, Geology) 


Biologiske Meddelelser (89) Biol. Medd. Dan. Vid. Selsk. 
Biologiske Skrifter (4?) SEER Biol. Skr. Dan. Vid. Selsk. 
(Botany, Zoulogy, General DER ERE NE NES ARE 
- Biology) 


Selskabets Sekretariat og postadresse: Dåntes. Plads 5, København v. 


The address of ihe secretariate of the Academy [$ 
i Det Kongelige Danske Videnskabernes Selskab, 
: Dantes Plads 5, København V, Denmark. & 
Selskabets kommissionær: EJNAR MUNKSGAARD” s Forlag, Nørregade 6, 
København KER ) RBR 
The pABlicakons are sold by the agent of the Åcddemy: SARSL Sy 


EJNAR MUNKSGAARD, Publishers, 
ÆT NGrregnde, København KE Denmark 


X 


Matematisk-fysiske Skrifter 
udgivet af 
Det Kongelige Danske Videnskabernes Selskab 


Bind 1, nr. 6 


Mat. Fys. Skr. Dan. Vid. Selsk. 1, no. 6 (1958) 


THE ANALYTICG PROPERTIES OF 
THE VACUUM EXPECTATION VALUE OF A PRODUCT 
OFTHREE'SCALAR LOCAL FIELDS 


BY 


G. KALLEN and A. WIGHTMAN 


København 1958 


i kommission hos Ejnar Munksgaard 


CONTENTS 


Page 
5 BIN ANGIE It REE ag EEN EL OD ovn 50 ED, 6/05 mord ne0 3 
. The analytic properties of the three-fold vacuum expectation value in x-space... 8 
. The analytic properties of the three-fold vacuum expectation value in p-space... 10 
Srhesdoman Midefined by eg (LS) REE Eee 12 
The enlarged analyticity domain following from local commutativity............ 18 

. Analytic completion and natural domains of analyticity for functions of more than 
oner com plessev araber ER ES E REE 23 

. Analytic completion through the corner formed by the self-intersection of the 
SED OUN LAVE EEEE EEN ER EEN 26 
. Analytic completion through the corners formed by the Fz,-curves ............ 33 
FEDIS CUS STONE ES re rr ENE ES ES ER SEE 41 
ADD EDER ER ERE 42 
ADD eN EEN EEEE E EE E  E  E er 48 
DERE SYNET oe hb. SEN MÅ I BESÆT SER ESSESSD ESF RESEA EN SENERE SKEER SEES TEE ES SEEST SEEST SELE OS DRENG on Bov 52 


Synopsis. 


From the general requirements of Lorentz invariance, reasonable mass spectrum 
shape, and local commutiativity it follows that the vacuum expectation value of a 
product of field operators is the boundary value of an analytic function. A cor- 
responding statement holds for the Fourier transform of the retarded commutator 
and for the time ordered product of the fields. For the special case of three scalar 
fields, it is shown that, in general, the domains of analyticity obtained in x-space 
and in p-space are identical. This domain is explicitly computed and shown to be 
bounded by pieces of analytic hypersurfaces. These surfaces intersect in corners 
which are of such a kind that the domain is not a natural domain of analyticity. 
The holomorphy envelope of this domain is computed using only elementary 
methods. The result turns out also to be bounded by pieces of analytic hyper- 
surfaces. 


Printed in Denmark. 
Bianco Lunos Bogtrykkeri A-S. 


I. Introduction. 


ID the last few years, some effort has been devoted to an exploration of the 
mathematical structure of the vacuum expectation value of a product of local 
field operators. In these investigations it is customary to use only very general physical 
requirements of the theory. Research of this kind is made either with the objective of 
characterizing those properties of local, relativistic field theory that must hold what- 
ever the nature of the interaction between the fields, or with the more practical 
motivation of getting tools for the handling of particular theories like quantum electro- 
dynamics. Whatever the motivation is, the following requirements are conventionally 
used. 


I. The theory must be invariant under Lorentz transformations. 
II. The energy-momentum spectrum must be physically reasonable. 
III. A field operator at a point z commutes with a field operator at a point æ” if the 
distance between x and æ” is space-like, i. e. if (æe-xa"? > 0. 


We shall refer to condition III as the condition of "local commutativity””. Condition II 
requires some further elaboration. From I we conclude that there exist ""displacement 
operators” P, with the properties 


nu 


FÆSÆD SEE 08 (1) 
.OA(x J 
re Are) Er i SE Q) 


(A (æ) in Eq. (2) is any field that does not depend explicitly on the coordinates). 
From (1) it follows that we can introduce a special representation in the Hilbert 
space in which every state is a simultaneous eigenstate of all the P/s with eigenvalues 
P,: Qur condition II can then be more precisely formulated in terms of these eigen- 
values p, in the following way: 


a) There exists a unique state (the vacuum) for which all components of the 
vector p, are zero. 
b) For all other states, the vector p, is time- (or possibly light-) like with a 
positive value of the time component pg. 
1+ 
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In the special representation mentioned here, it follows from (2) that the æ-dependence 
of any matrix element of the field A (x) must be of an exponential form 


ae) TD Ca LAN be TEE SE: (3) 


In Eq. (3), p/? and p(” are the eigenvalues of the operators P,, belonging to the states 
IKasæande oe 

For the particular case of the vacuum expectation value of two field operators, 
the results are rather complete". As a special case of (3) and from condition II it 
follows that the "frequency” of a matrix element from the vacuum | 0 7 to any other 
state | 2 > must be positive 


CO ANT) (ED = 0 Ar EAD 0 (4) 


Therefore, if we introduce a complete set of states |z> as "intermediate states” in 
the vacuum expectation value of two scalar fields A (x) and B (æ') (we consider the 
case of scalar fields for simplicity; analogous results hold for fields with other trans- 
formation properties), we can write it in the form 


(0 (2) Be) 03 KO KØ] ES SS FE GRISE Ree 


hy Bor Coøenskeren eee 1 ms SER (5) 
em erE, S GSR (Ps SODE SEIN DOT | 


0(p)=3|1+ 22], (5a) 
Ge DET HI DEER EB: (052 (5b) 
O=p 


(V=volume of periodicity). The function G7P (p) is different from zero only if the 
vector p lies inside the forward light cone, a fact that is clearly exhibited in Eq. (5b). 
It must be emphasized that the sum in (5b) goes only over those states for which the 
vector p (and not, e. g., its square) has a given value. As is easily shown, there are 
only a finite number of states of this kind and, therefore, the sum defining the function 
G2? (p) can never diverge. If A(x) and B(x) are renormalized fields for which the 
matrix elements (3) (and (4)) are finite, the computation of the function G7” (p) can 
be carried through without encountering any infinite quantities?). 

The vanishing of the function G?? (1) whenever p is not within the forward light 
cone tells us that the function F7? (x— 4"), defined by 


k mø Ene and S. KAMEFUCHI, Prog. Theor. Phys. 6, 543 (1951); G. KALLÉN, Helv. Phys. Acta 

5, ; H. LEHMANN, Nuovo Cimento 11, 342 (1954); M. GELL-MANN and F.E. L EH 

5, 1300 (1954). k ; ar FÅ 
Sell: the theory contains a particle with zero mass (the photon), this statement is not quite correct, 

as states with arbitrarily many photons of arbitrarily low frequencies cause some complications. The pos- 

sible infinities encountered in this way are usually classified as "infrared”. The simplest way to avoid them 


is to give the photon a small mass, which is the position that we adopt here. This means that all the vectors 
p are supposed to be time-like. 


[» 
2 
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is the boundary value of an analytic function F7” (z) regular for all complex numbers 
z that can be written in the form 


z=—(æ-—x'—inP, (7) 


with m a time-like vector in the forward light cone?. As is easily seen, every point that 
does not lie on the positive, real axis can be represented in the form (7). Therefore, 
F2? (z) is regular everywhere in the complex plane cut along the positive, real axis. 
(korfbrevitykwershallfreferfto"thistdomainfastthefcuteplane)' 

If we compute the vacuum expectation value of the product B(æ”) A (æ), we get 
in an analogous way another analytic function F?4 (z) of the same variable z which 
is regular for all points that can be written in the form 


z=—(æ'-—x—in). (8) 


As (7) and (8) cover the same domain (the cut plane), F7? (2) and F?7 (7) have the 
same domain of analyticity. 

So far, no use has been made of the local commutativity. It follows immediately 
from III that the two functions F7? (z) and F?7 (z) are equal for real, negative values 
of z. Ås they are both analytic functions they are then equal for all other values of z. 
From this it then follows that G27? (p) = G24 (1). In this way, our condition III reduces 
the number of independent vacuum expectation values in the theory", but does not 
restrict, e. g., G7? (p) itself. 

Frequently, one is interested not only in the expectation value of the ordinary 
prodnetems eo) bu talsokmsker she retardedecommutatorke 

=ii 


O(z=x')<0] [A (7), B(a')]105= ANER SE IL ODDE (9) 


As the two fields A(xæ) and B(æx”) commute for space-like separations, the retarded 
commutator vanishes except where æ —æ' lies in the forward light cone, and its vacuum 
expectation value is invariant under Lorentz transformations without time reflections. 
Its Fourier transform H(p) in (9) is therefore also the boundary value of a certain 
analytic function H(z) regular for all points z that can be written in the form 


z=—(p+in)'; NÆSE O: Noe 0e (LO) 


3 A. WIGHTMAN, Phys. Rev. 101, 860 (1956). Note the difference in metric between this paper and 
the present discussion where we have put x?=7?—7g. 

1 The equality GAB = GPÅ can also be deduced from other hypotheses without the use of III. For 
example, the well-known PCT theorem implies, in particular, that in a theory invariant under strong in- 
version, GAB = GB4, Citer RR. Joss Helv. PhysActa 80,:4095(1957). 

5 In many applications the retarded commutator can be replaced by the '"time-ordered product” 
OPA) BY) ON EO (17) OA (T])B (7) [OVE 0 (1 =a) KOB) Ala) | 0) (cf. below). Both 
the retarded commutator and the time-ordered product are well-defined quantities only if the commutator 
(0|[A (7), B(x')]|0 ) is not too singular for r=x'. For the moment, we assume this to be the case. 
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i. e., analytic in the cut plane. This property of H(p) can also be demonstrated with 
the aid of the following formal calculation. Using the integral representation 


eg 
OG)” in) arms REE ED 
and 
<0 I [4 (7), B(7')]10>= 75 ze ” IT (PP) & (p) (12) 
with 
De (12a) 
we can write 


dt 
Ole NO ERE ODE (CE DE DRE BEG EV IIIGIE &(p) 


ali CE > lim (SE. 17 (P? — (po + TE (PE ET) (13) 
£—>0 
== al | nyd ER AGE, joyg Es 
£—>0 
with 
+ 
he EU PETE) la BENE Læs «vo 
DEDE Joy ») ege = IE vw) Re, SE ER 
SES Få (GE) 
I DER 
— Na+p2- (pot ie)" 
0 


Equation (14) shows explicitly how H(p) in (9) is the boundary value of the analytic 
function // (z) 


datlik (Eg 
TH G)= vÅ CR d (15) 
EG, 
regular in the cut z-plane, with 
TE Eye te] (15a) 


An analogous calculation for the time-ordered vacuum expectation value yields the result 


<0O|P(A(a) B(7)105= 7 adp erter »Åanc Di (16) 
0 


GE ps ære 


Thus, the Fourier transform of the time-ordered product is a different boundary value 
of the same analytic function // (z). It is evident that, as long as one is interested only 


Nr. 6 mm 


in the real parts of (14) or (16), they are interchangeable. As an example we might 
mention that the vacuum expectation value of the current operator in quantum electro- 
dynamics with a weak, external field Ak (æ) can be written as? 


€01097 (7) [09=—1) de O (xx) 0 | [7 (7), Re) | [ODZASE DE rens terrns 


2% 


dpens | Ce £ sake ie 
a+p?—(po4i£) 
Jo 


(p)Errens terms: 


Sj | (16a) 
HOT | 

In the special case in which the Fourier transform HC D) is different from zero only 
for space-like values of p? (i. e., when no real particles can be created by the external 
field), the ie in the denominator of (16a) does not matter and (16a) can be replaced by 


Ole (=)) 


ext £ 

= 1) + ren. terms | 
ar pt Ju (P) 
0 


Fa FRODE gå =il Ses 
< 01852) 10) = any fj de eivt es 


(2 


EO (EY (DT) FOD AS HR) Kren terms. 


When real particles can be created by the external field, (16a) must be used instead 
om (165): 

The assumption that FF? (æ—x') is not too singular at æ=æ' is equivalent to 
the assumption that /7(p?) behaves in such a way at infinity that the integral over a 
appearing in (14)—(16) is convergent. Whether or not that is the case depends on the 
particular theory under investigation. In so-called "renormalizable” theories, it is 
assumed that even if the integral (15) itself does not converge, some modified version 
of it with a higher power of a in the denominator and a polynomial of z outside the 
integral sign makes sense. The exact form of this polynomial is dependent on the 
number of "renormalization terms” that enter into the theory. As an example we 
might mention that the renormalization terms indicated in (16a) and (16b) are of 
such a form that they convert the integral over a in these formulae tof 


dalI(-a) 
a(a-z) ” 


0 


(16c) 


thereby improving its convergence. 

In this paper, we want to generalize these results to the vacuum expectation 
value of three operators, using only the same very general kind of argument that has 
been used previously for the two-folid expectation value. As we shall see, this generali- 
zation encounters an entirely non-trivial problem when we take the step from an ana- 
lytic function of one complex variable discussed above to an analytic function of three 
complex variables. Before entering upon these mathematical difficulties we want to 
stress some of the similarities that do exist between the two cases. 

6 H. UMEZAWA and S. KAMEFUCHI, Prog. Theor. Phys. 6, 543 (1951); G. KALLEN, Helv. Phys. Acta 


25, 417 (1952), appendix. 


6) K 


8 Nr. 6 


II. The Analytic Properties of the Three-Fold Vacuum Expectation 
Value in x-Space. 


With the aid of an argument entirely similar to that which led to Eq. (5), we find 
that we can write the vacuum expectation value of three scalar fields A (ax), B(æ'), 
and l(wØÅ)Fas 
ØE er lr e OE| PA (DBI (ORD | 


1 | EP (TET) DS (TET YE MÅABE ' (%) 
BON) dp dp' e? GE (DAP) | 


where the function G727 (p, p') is different from zero only if both vectors p and p' 
lie in the forward light cone. From this it follows in the same way as before?) that 
F280(7—x', æx'—æ”) is the boundary value of an analytic function of the two com- 
plex vectors x—%x'—in and æx”—æ” — in”, where n and n' vary independently in the for- 
ward light cone. With the aid of the invariance of the theory under Lorentz transfor- 
mations, it can further be shown that the analytic function depends only on the fol- 
lowing three Lorentz invariant variables” 


er RA | (18) 


ET rn ENE. 


z3= (dx — i (+ 1 WP. 


Eq. (18) defines a certain domain in the (six-dimensional) space of the variables 
Z,: Ås this domain plays an important role in the following discussion, we introduce 
a special name for it and call it Wt. We shall study this domain in some detail in a 
later paragraph. For the moment we only remark that, even if each z, separately can 
vary over its whole cut plane, it is a non-trivial problem to determine whether or not 
M can be described as the "product” of the three cut z,-planes. 

The same argument that was used in the Introduction to show that the two 
functions F7? (7) and F?7 (7) were the same analytic function can be used here with 
only trivial modifications to show that the function F7? (z7,, z,, z2) defined with the 
aid of (17) is identical with the other analogous functions that are obtained with the 
aid of the vacuum expectation value of other permutations of the operators A (æ), 
B(æ'), and C(x”). We can, e.g., look at the function F240 (27, 2., z,) defined from 


<01B(2') 4 (7) C(x") 10) 


NEP E Sobde ovn 19 
= gg år de dr er 42 6-2) 6840, p') BYER (7,2), | 2 


(B.V. means "boundary value of”) 


7 D. Har and ÅA. WiGartman, Mat. Fys. Medd. Dan. Vid. Selsk. 31, no. 5 (1957): 
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and regular in all points that can be written in the form 


Z=—(æx'-—æ—in”, (20a) 
Ge NOE (20b) 
Zy= (TI mæ, i(n+n )P. (20 c) 


The domain in the z-space defined by (20) is exactly the same as the domain M. Fur- 
ther, if zx—æ" is space-like, the two vacuum expectation values in (17) and (19) are 
the same because of the local commutativity. This means 


BARE Re BEES RE RD 0 (2) 


The permutation of the variables z, and z, on the right-hand side of (21) occurs because 
of the different ordering of the points in the definitions (17)—(18) and (19)— (20). 
If we now look at the particular region where not only æ—æ", but also æx'— ax” and 
every linear combination of these two vectors are space-like, we can choose both m 
and m' orthogonal to the two-dimensional manifold just mentioned. We then obtain 
real, negative values for all the three numbers 2, both in (18) and (20), even if the 
n's are different from zero. Therefore, the points obtained in this way lie in the in- 
terior of the domains of analyticity of the two functions F7?7 and F?4, Further, Eq. 
(21) holds on this three-dimensional manifold, as the same points can also be obtained 
from (18) and (20) with all imaginary parts equal to zero and space-like values of the 
real parts. We then conclude that the function F7P9 is equal to the function F?4T mpith 
its two last variables permuted wherever both functions are defined. Further, if one of 
these functions happens to be regular in a region where the other one was originally 
not defined, the former can be considered to be the analytic continuation of the other in 
the new region?, Our assumption about local commutativity therefore permits us to 
extend the domain of analyticity from the original domain Wt to the union of WM and 
the domain that is obtained from it by a permutation of z, and zz. Unless Wt happens 
to be symmetric under this permutation which, as we shall see later, is not the 
case, this is a non-trivial extension. In a similar way, we find, by considering the func- 
tion FB (2, 29, 24) that it is equal to FF" (2, z,, z2) wherever both are defined, and 
that one is the analytic continuation of the other into the domain where only one of 
them is defined. In particular, it follows in this way that JYDE (ar 7 BH) IS Aimee 
also in the domain that is obtained from Pi by a permutation of z; and z,. Further, 
we get a similar result for, e.g., FY?4 (2,, z,, Z,), but as WM is symmetric under the per- 
mutation of z; and z, this does not lead to any extension of the domain of analyticity 
re ga 

Summarizing, we have found that all the six different vacuum expectation 
values that can be obtained from the three operators A(æ), B(æ'), and C(x"”) are 


8 The argument given here is a slight generalization of the corresponding argument in ref. 3) for the 
speciallease ==: 
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boundary values of the same analytic function F7?" (2, , z,, 23). This function is regular 
in the union U of Ø and the two domains that are obtained from it by permutations 
of zg with z; and z,. Conversely, if we have a given analytic function regular in U 
and satisfying certain boundedness conditions”, we can, by taking appropriate 
boundary values of it according to the prescriptions inherent in (18) and (20) etc., 
obtain all the six vacuum expectation values that can be formed out of three scalar 
fields. The expressions obtained in this way fulfil all our assumptions I, II, and II 
in the Introduction?. 

Therefore, they give a complete characterization of the properties that follow 
from conditions I — III. 


III. The Analytic Properties of the Three-Fold Vacuum Expectation 
Value in p-Space. 


Ås we pointed out in the Introduction, we have two analytic functions connected 
with the two-fold vacuum expectation value, viz. the function F(z) in x-space and 
the function H(z) in p-space. (Cf. Eqs. (6) and (9)). For the case of the three-fold 
expectation value, we have previously discussed the functions analogous to F(z), 
and now we want to show that we can also define analytic functions in p-space con- 
nected with the three-fold vacuum expectation value. Consider the expression!? 


ORE IO (RR KO OG SEBBE (ED RANE ODER OF ER FO! Ed) 

nx Im TR. SIN ERE ERE Q22) 
SENE 2) JE) Ga) 05 55 Son dpree FE SRI REDDE 
If the three operators A, B, and C commute for space-like separations, the left-hand 
side of (22) is invariant under Lorentz transformations. (Note that, for space-like 
separations of x' and æx”, the two iterated commutators are equal because of the 
Jacobi identity. Therefore, the expression is unchanged when the two-time coordinates 
x% and % become equal and the two step functions Ø (w' -t") and O(x7"—x") change 
their values). Further, this expression obviously vanishes unless the two vectors x— æ' 
and æ—æ” both lie in the forward light cone. Therefore, H" (p, p') is the Fourier trans- 
form of a function that has the same general properties as, e. g., G7?7 (7, p') in (17) 
and is thus the boundary value of an analytic function H7 (2,, z,, 22) regular in the 
domain defined by 


? Cf. L. ScHwarrz, Transformation de Laplace des Distributions, Med. Lunds Mat. Sem. Suppl: 
(TOS2P 296; 

m The significance of expressions of the form (21) (or (9)) with A (x) etc. as Heisenberg fields was 
first realized by H. UMEzAawWA and S. IKAMEFUCHI, ref. 6). Later, similar expressions with either retarded com- 
mutators or time-ordered products have been used, e. g., by G. KårLen, Mat. Fys. Medd. Dan. Vid. Selsk. 
27, no. 12 (1953); M. GOLDBERGER, Phys. Rev. 97, 508 (1955); F. Low, PhyssRevs 91392 (195 5) ÆRE 
LEHMANN, K. SYMANZIK and W. ZIMMERMANN, Nuovo Cimento 1, 205 (1955); ibid. 6, 319 (1957); G. Moman 
Suppl. Nuovo Cimento 3, 440 (1957). z 
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Er (DEM (23 a) 
ge == (SINDS, (23b) 
23=—(p+p'-—i(n+7' WP. (23c) 


Clearly, (23) defines the same domain M as (18). 

The expression (22) is completely symmetric in the operators B and C, but the 
operator Å (and the time %x,) plays a somewhat distinguished role. In a similar way, 
we can build up two analogous expressions, where B(x') and C(æx”) are singled out 
and define two more analytic functions H? and HY. If these are then expressed in 
terms of the same variables z, that were used in H” and defined in (23), it follows 
by inspection that these two new functions are analytic in the two domains that are 
obtained from Pt by a permutation of z, with z, or with z,. We thus have a situation 
that is somewhat analogous to the situation in æ-space, except for the fact that we 
have no local commutativity to assure us that the three functions are equal in some 
common domain. However, if we investigate the algebraic structure of (22) in some 
detail, we find a relation that can serve as a substitute for local commutativity. Writing 


s il i 
the step function O(æx) as se te (7))= 3 É + æe]), we find after some algebraic 
manipulations G y 


FN OLE | IC) SB LEA (æ)l] 09 
Fo ræbyoren BOER ES 
FORA EB DEO) OS 0 EB (I) [C (2) FACE) NOS 
LONG BØ se) OD] 


Rim 


+78(21)<0 HC (2), [B(1), A(x)111074Fe(x2)<0 H[B(1), [C(2), A(x)11105 | 
( CY / 
(24) 
+78(21) 0 KREEP) KDK | 


NS GEIN OAB NC CQ) 0540] GQ) BCLVA (2) |. 050 


EEN E (210 [AT C.C B (1) 05740] B (I) Q)A(T) FOD] 


GA GA | 


+58(1x)e(æ2)[<0 | B(1)A(x) C(2)107+<0 [ C(2)A (1) B (1) [07]. 


The last three lines containing two &-functions are completely symmetric under per- 
mutations of A (æ), B (1), and C (2) and simultaneous permutations of the arguments 
in the sign functions. This is not true for the other terms with one or no sign func- 
tions. However, if we compute the Fourier transform of these other terms, it follows 
immediately from (24) and the assumption II in the Introduction that this Fourier 
transform is zero, unless at least one of the vectors p, p”, and p+p'" is time-like. There- 
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fore, in the particular region described after equation (21), where all vectors are space- 
like, the function H>” (p, p') is equal to the Fourier transform of the three last lines 
in (24). If we express all three functions H4, HY, and HY in terms of the same vari- 
ables p, p' (and the corresponding analytic functions in terms of the same variables 
z), we have the relation 


H =H?=H" for all vectors space-like. 


This is a relation of exactly the same kind as (21) in æ-space and it can be used in 
the same way to ascertain that the three analytic functions are all equal and all reg- 
ular in U. We then have the rather remarkable result that both in æ-space and in 
p-Sspace we have only one analytic function (i. e., one in each space) and that the 
domains of analyticity of these two functions are the same. 

The last sentence above requires a slight modification if assumptions Ila) 
and IIb) are replaced by a more detailed specification of the mass spectrum of the 
theory. If, e. g., we require that the mass spectrum starts with two discrete states with 
masses m; and ms (both different from zero) and then has a continuous part above 
(m, + m»), the analyticity domain for the H-functions is somewhat bigger than the 
domain for the functions in æ-space. No discussion of that problem is given in this 
paper. 

For completeness, we want to mention that the Fourier transform of the time- 
ordered product of the three operators A, B, and C can also be expressed as a boundary 
value of the same analytic function H (z). In places where the signs of the imaginary 
parts of the boundary value do not matter, the time-ordered expression can therefore 
again be used instead of the retarded, iterated commutator in (22). 


IV. The Domain M defined by Eda. (18). 


We have now arrived at a point where it is essential to have a detailed and clear 
idea about the domain described by Eq. (18) (or (23)), i. e., we want an explicit 
determination of the points z, that can be written in the form 


HE) | 
23 (UE1N )E (25) 
BE (ERE OT END) | 


where æ and y are two arbitrary four-vectors, while n and n/ vary inside the forward 
light cone. While this is an entirely elementary geometric problem, a frontal attack 
on it can lead to considerable complication, and we shall find it convenient to use some 
of the information obtained in ref. 7. We recall that a continuous mapping of one 
region into another may carry boundary points into interior points and interior points 
into boundary points. It is an important simplification, in our case, that interior points 
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of the region over which the vectors vary are mapped into interior points of the region 
over which the z, vary”. (The simple example: y=æ? in which the interval —1< 
æ <= 1 is mapped into 0 < y< 1 and the interior point x=0 is carried into the boundary 
point y=0 may convince the reader that this is not trivial. Besides, the discussion in 
Appendix I in connection with Eq. (A. 9) gives another example of a complication of 
this kind). Thus, in looking for boundary points, we shall limit our attention to pairs 
of vectors such that at least one of n and 7” lies on the light cone. Furthermore, we 
can be sure to get every boundary point of W in this wayt. 

The case in which m lies on the cone and 1” in its interior can easily be dealt with. 
Then, if we are to obtain a point on the boundary, z, must be real, and an argument 
like that used in connection with Eq. (7) assures us that, if z, is negative, one has an 
interior point Z;, 25, Z,, while, if z, is = 0, one has a-boundary point. (Of course, z, 
and z, do not vary independently over the cut planes when z, varies over the non- 
negative axis. Their range will be determined later). An analogous consideration for 
n in the cone and n/ on it yields boundary points with z, > 0. 

There remains the case when both n and 7” lie on the cone. For every such point, 
we have 

=-d4217N, | 
Be 0 421yn, (26) 
BE EEN TANNER AT (ON EY TN): 


Not all points (26) lie on the boundary. As an example, we might mention the case 
discussed earlier where æ and y and every linear combination of them are space-like. 
By choosing the two 7's orthogonal to both æ and y, we get a point where all z,'s are 
real and negative. The same point can also be obtained with an 7%” different from zero 
and slightly changed values of æ?, y?, and (x+y)” and must therefore correspond to 
an internal point in the domain. Our next task is to single out the exact conditions 
on æ, y, 7, and n'/ for the point (26) to be on the boundary of WM. For that purpose we 
write 

7=017+727'+9, | 


De with gn=91n =Qn=q n=0: CGn) 

Yy= do] NT 5 N—t q f 
If , and %/ are linearly independent, the coefficients %,; in (27) and the vectors q and 
q' are uniquely determined. Since qg and q' are both orthogonal to the two-plane 
spanned by the two light-like vectors % and %/, they, and every linear combination 


of them, are space-like, i. e., 


gm 0 00) d 20: (28) 


Introducing this notation into (26), we find 


+ This statement is a direct consequence of Lemma 3 of ref. 7 for those points where 2 (z) = 
z2+272+72—92 (212,4+22234+232;)+0. For the exceptional points where 4(z) =0, one can easily make a direct 
argument. 
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Zy= 73 —2 97 og NY + 2 1 Xo7 nn, | (29) 
reg OT PA UV) [1 — 17 og — X78 457] +21 NR (7 + Xo2)- 


Introducing the notation z,=%,+iy, for k=1,2,3 and r=—2 %19 27 nny', we can 
eliminate all the %,, between the three equations (29) and get 


z 2 + qg'2? 
Rat. GERE) 


2321729 = Do (30) 
We may now consider q”, q'”, and qq” as arbitrarily given numbers subject only to the 
restriction (28). For every given set %;, %%, Y1, Y2, and r, it is then possible to find 
numbers %4, such that (29) is satisfied for some value of %n'. As 11” is arbitrary except 
that it must always be negative, it follows that we can consider %;,...Y2 and r as 
arbitrarily given numbers with the only restriction that the sign of r must be the same 
as the sign of y; y,. We divide the following discussion in two parts: 


HORUS EO FandehencerrE 0! 


A particular case of (30) is obtained if we put g?=q = g47=0. We then get the 
curve 


21 22 
BE ZoR TEE ,: JE OKSER EEKOR (OB 


For fixed values of z; and zZ,, the point z, describes a hyperbola when r varies from 
zero to infinity. This hyperbola has its center in the point z, +2, and one asymptote 
horizontal, while the other asymptote is parallel to the direction of z; z,. Two typical 
cases are illustrated in Figs. 1 and 2, where, for definiteness, we have assumed that 
z, and Z$ both lie in the upper half plane. When they are both in the lower half plane 
we obtain completely symmetric pictures. Fig. 1 illustrates the case when the sum 
of the arguments of 2; and z, is smaller than a or %, y9+%5 Yy; > 0. The asymptote 
then points upwards. When the sum of the arguments just mentioned becomes bigger 
than x or when %æ; Yy,+%%2 y7; < 0, this asymptote rotates into the lower half plane and 
we get the situation illustrated in Fig. 2. We shall prove that for non-zero values of 
g.,q'”, and qq", the points (30) fill the region to the right of the curve in Fig. 1 or above 
the curve in Fig. 2. Any point 2Z;, Z2, Z, such that z, is inside this domain can be ob- 
tained not only from vectors x—in, y—in' with m and 7” on the light cone, but also 
with 1 and 7" slightly inside. Such points are interior points of the z,, zZ8, z3 domain. 
Therefore, the curve (31) is the boundary of our domain in the case y, Yy5 > 0. 


To prove this we eliminate the parameter r in Eq. (30) and write it as an equation 
between æx, and y3 


; SLSÅArtesUle essentially equivalent to this statement and to the corresponding Eq. (40) below was first 
obtained by D. HA11, thesis, Princeton 1956 (unpublished). His calculations have been considerably re- 


arranged and simplified in the above derivation. We want to thank Dr. HALL for his kind permission to use 
his results here. 
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Fig IMT he curve (Sl) forithe "case 7 0; Figs2ÆThetcurver(31)Eforkthetease ye ROSET ER 0: 
Y2 > 0; Ty, Y2+ TY; > 0. Ty Y2t TY; < 0. 


er 7 (are TOUR 
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Cs=X7 +Xx2— 2 qq" + 
3 1 2 qq Y3—Y1—Y2 X1 Y2 + %X2 yt q? y2tq? y1 


veed eee the value of æ, which we get from g uttin = = = 07 
LE ll æ2?? the val f x, which get £ 32b), by putting "97 =ig 799" 


the difference between æ, and x” can be written in the following way 


Y3—Y17Y2 
I GID ETS) AT ACE: 4) 
HEGER (OY 1241) (OY FLY HD YE dy] 


(33) 


ene oo 0 ECC Fig STM fo lo wsEfrome(32a)FandkrEF0Rthatkwelfare 
interested only in that branch of the hyperbola for which y,—y; —y2 > 0. In this 
case, we get from (33) 


RE EDI GP ag 1D FE 1 247) 7 4 ED 


(71 Y2 4 X2Y1) [TY + T2Y7 + ye dg ye] 


 — (0) 
== NED 


27 (S4) 


With the aid of the inequality 
(rr rare] oa Sys er DE dd Sys [rt | yS lb | (35) 
TE ED) ES Rd (un) | 


the expression in the big square bracket of (34) can be simplified and we get 


xx) >2 [[/g q'?—44"]>0, (36) 


(Y3=Y1=Y2)- (32b) 
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which shows that the point (30) always lies to the right of the curve (31) in the case 
illustrated in Fig. 1. Furthermore, every point to the right of the curve (31) is obtained 
in this way, as one can easily convince oneself by examining (32b). When 
XY2 + XY; < 0 (cf. Fig. 2), we are only interested in values of q?, 4”, and gq” so small 
that the inequality (æ, +97) y2+(72+ 9?) y; < 0 holds. Otherwise, it follows from (32 a) 
that y,—Yy;—Y2 is positive and the point lies above the curve in Fig. 2. In the in- 
teresting case, we have y4—Y; —Y2 < 0 and we see, with the aid of the inequality (35), 
that the last two terms in (33) are negative. It follows that 


ar gg 22 og 0. (37) 


Therefore, the point (30) lies to the left of the curve (31) in Fig. 2. Again it is easy to 
see that (32b) yields every such point, so our statement is proved. 


b) y,Yy2< 0. 


In this case, the parameter r must be negative, according to the remark made after Eq. 
(30). To get the boundary in this case we change our notation slightly and introduce 


EN 


TE ro) | 


mg KO 00 (38) 
i == (0) 
—rT Ge; ) 
Eq. (30) now becomes 
1 

34 (1-8) +2(1—1)-8(k+)]+784+42 44, (39) 

with 
A=—2qq'—2)/474?<0. (39a) 


Ås a special case of (39), we get for 6— 0, 7r>— 0, A— 0, and rå?-> 0, 
340 -8)+%(1-1); o<k<æ, (40) 


This curve is also a hyperbola with its center in z, + 2, and asymptotes along the —z, 
and —2Z, directions (cf. Fig. 3). We now want to prove that the points (39) fill the 
region to the left of the curve (40). We first remark that (39) for fixed finite r, &, and 
Å and varying k defines a curve with asymptotes parallel to those of (40), but inter- 


ti RE th . 7 ”byl W4>) Ø 2 S ; 2 
secting in the point z; +7,+—— +rd"+ AX instead of z,+z,. Because rå? and 4 are 


<Q and zZ; Z, lies between the asymptotes of (40), the asymptotes of the curve (39) 
lie beyond those of (40). Furthermore, the curve (39) never crosses (40). To see this, 
one need only to assume that, for some positive k' and k, 


T 


i 1 1 
(1 —k)+z(1 d ed B+ zy(1 1) (mk +2) RESEN (41) 
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If one eliminates æ, between the real and the imaginary parts of Eq. (41), one finds 


mer BOYS DA RODE ED 
Y2= Yi æ (€l t grl. (ed 149) 41, (42) 

in contradiction with the condition y; y,< 0. Thus, the curve (39) lies entirely within 
the region to the left of (40). Finally, it is easy to see that, by varying A holding k, 
6, and r fixed, one gets from (39) along with any point z, all points z,—Q, 2Q> 0. By 
the same argument as used in case a), we con- 
clude that all points which are to the left of the 
curve (40) are interior points of our domain 
and;yttherefore,; (50) is'really the boundary. 

At first sight it might seem a bit puzz- 
ling that we have obtained the curve (40) 
only by the limiting process 6—0,7—%, etc. 
The calculations of Appendix II provide an 
explanation; the pairs of vectors æ—in and 
y-in' whose scalar products yield points on 
(40) have linearly dependent light-like vectors 
n and 7”. In (27), we assumed m and 1' linearly 
independent. Fig. 3. The curve (40) with y, > 0, y, < 0. 

In the preceding discussion we have 
isnored|thelcases 7 =0æl <0Tand y;= 05 < 0 Thisowas" purely"afmatter "of "eon- 
venience. These cases can be obtained by simple limiting processes from those 
described above. It is obviously necessary that the curves (31) and (40) then coin- 
cide, and indeed they do. 

To complete the specification of the boundary we have to return to the cuts. It 


is now easy to give the restrictions on z, and z, when, for example, 24 lies on the cut 
Eee DE ON Forster tolliefonthelboundary,t2s hasitolliefonithepermittedsidefof the 
curve (31) or (40), depending on whether z, lies on the same side of the real axis as 
SHOT mor 

It is worth noting that both (31) and (40) are of the form F(z,,7)=0, where 
F is an analytic function of the complex variables z,, and also depends on one real 
parameter r (or k in (40)). A surface of this kind is conventionally called an "ana- 
lytic hypersurface”. In the 2 n-dimensional space of the n complex z,, this surface has 
the dimension 2 n—1, i. €., it is five-dimensional for our case of three complex vari- 
ables. They should be distinguished from the (2 n—2)-dimensional surfaces defined 
by F(z,)=0, where F is an analytic function of z,, but does not depend on any real 
parameter. Surfaces of the latter kind are also of some importance for the discussion 
below and are called ""analytic manifolds”. Since the two analytic hypersurfaces (31) 
and (40) will be very important in the following discussion, we shall introduce special 
names for them, denoting (31) and (40) by F,, and $, respectively. The reason for 
these denotations will become clear from the discussion in the next paragraph. 
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In summary, we have found that the boundary of our domain, DOMINERE E22 
space determined by (18) is composed of pieces of four analytic hypersurfaces: 


The cuts 
SE Dea (43b) 
Korr ZOEEDE: Er rGD (relevant when y; Yy2 > 0) (44) 
É 
Ser TELE É 1): 0<k<co, (relevant when y; y2 < 0). (45) 


V. The Enlarged Analyticity Domain Following from Local Commutativity. 


If we permute, e. g., z; and 23 in F,,, we get a curve which we shall call F,, with 
the equation 


ES EPA FS (46) 


To compare F,, with F,, we solve for z, and get 


Z1—Zo—r 
BE (47) 
TEE 29 


This curve is no longer a hyperbola. It starts at the origin with the slope z;/28—1 and 
has a horizontal asymptote through the point z,. It intersects the real axis in a point 
P with the coordinate 


UT 92 
Zag =Y—E (27 Yo —X 
BREDE (7; Y2— X2Y7) (48) 
for 
i 
LER Y2—X5Y1): (48a) 


Further, it intersects its own asymptote in the point 


Yi 55 ÆDE (Y2—%; To) 


K y2 X1Yy2t4X2Y1 (3 
for 
Yy; (72 + Y2) 
PER (49a) 
X1Yy2tX2y1 


Ås the parameter r has to be positive, these intersections only take place if the imag- 
inary part of the ratio z,/z, has the same sign as y; in Eq. (48) and if the product Z Zo 


Fis FEMI her two curves kr skand Es for 25 Figo Theltwvorcurvest istand org Ey 0 
Y1>0 and 7, Y2—%2Y,>0; T, Y2+ 72 Y, > 0. and T7Y2—%%Y3 > 0; %, Y24 72 Y; < 0. 


has an imaginary part with a sign opposite to the sign of the imaginary part of 2, in 
Eq. (49). A similar curve called F,, is obtained from F;, through a permutation of z, 
and z,. Figs. 4 and 5 illustrate a few typical cases of these curves. 

[ik velper muteret seer handertinkthersscurvemwelset 


== re k)y +24 (1 a (50) 
or 
sm 4 (1 —k)+z (1— 5] (51) 
with 
k 
SGESY (51a) 


With the change (51a) in the parameter, Eq. (51) is identical with the original S-curve. 
The new parameter K'" is either negative (for 0 < k < 1) or bigger than 1 (for k > 1). 
Apart from the change of the range of the parameter, the S-surface is therefore in- 
variant under permutations of the z,/s. This motivates the name "the symmetric curve” 
or the S-curve. AÅ complete picture of this curve with the branch corresponding to 
negative values of the parameter differs from Fig. 3 only by having both branches of 
the hyperbola in it. The S-curve intersects the real axis at the origin and also at the 
same point P that appears in (48). The corresponding values of the parameter k are 
1 and y;/Y2- 

For completeness, we also want to mention that the curve F,, might have a self- 
intersection. This is most easily seen if we solve Eq. (47) for the parameter r. We 


get 


1 
r=5|7—2 Ææ VA), (52) 
A(L)=2l 4273 +22 —2 21 29 2242382 2923. (52a) 


ol 
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If it happens that both these r-values are real and positive for a point Z;, Z2, 23, the curve 
has a self-intersection in that point. This means 


Wi bb == Vs (53a) 
Cy Y3 +X3Y2=0, (53b) 
TyX3—Y2Y3> 0. (53 c) 
Eqs. (53) can be combined to give 
C33m | & mg, (54) 


Z | 503 (54a) 


When F23 really is the boundary of our domain the product y, y3 is positive. Hence, 
it follows from (54) that we must have y; > Yy2, which is obviously inconsistent with 
(54a). Therefore, this self-intersection is never relevant for our discussion. With suit- 
able permutations of the z's, a similar discussion is also valid for the curve F;2. 
We are now able to draw a picture of the domain that is obtained from the 
domain in the previous paragraph when we permute z; and Zzz. A few typical cases 
are shown in Figs. 6—8. When z, and z2 are in the same half plane, F,2 is the boundary; 
when they are in opposite half planes, $ is the boundary. To be able to compare this 


Fig. 6. The analyticity domain (unshaded) obtained after a permutation of Br ander Ny EU 0 
T1 Y2—T2Y, > 0; X1, Y2+ X,Y; > 0. 


domain with the domain obtained before the permutation, we have plotted all curves 
in the zz-plane for fixed values of z; and z,. Further, the domain where the function 
might have singularities has been shaded in these pictures. It must be remarked that 
in those cases where part of the positive, real axis lies outside the shaded domain, 
that part forms a "prong” where the function might have singularities. This follows 
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immediately from the concluding remark in the previous paragraph. Obviously, en- 
tirely similar pictures are obtained if we plot the domain we get by interchanging z, and 
zink (8): 

We now have to form the union of the original domain and the two domains 
obtained after the permutations. The simplest case happens when z, and z, are in 


% 
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opposite half-planes (for definiteness, we suppose, y; > 0,Yy,<0) and when æ; y$— 
x5y; > 0. We then get the union of the two unshaded domains in Figs. 9 and 3, i.e., 
the whole zz-plane except the positive, real axis (Figs. 9 and 10 show the union of the 
two domains that are obtained after permutations of z, and zz, and of z, and zz when 
zj and Z, are in opposite half-planes). This case is so simple that no special picture 
is required. When %æ; y, —%4 Yy; becomes negative, we get instead the union of Fig.10 
and a figure similar to Fig. 3. The result is shown in Fig. 11. The positive, real axis 


Fig. 9. The union of the domains obtained after per- Fig. 10. The union of the domains obtained af- 
mutations of z; and z, and of z, and z, for y; > 0; ter permutations of z, and z, and of z, and z, for 
Y2 <0; T,Yy2—X2,Y3 > 0. Y1> 0; Yz < 0; XT, Y2— 729, < 0. 
4 
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and the domain situated between the two branches of the S-curve are outside the 
domain of analyticity for the functions F(z,) and H(2,). When z, and 2, lie in the 
same half-plane (y, and y, both positive, e.g.) we get the union of the domain in 
Fig. 1, the domain in one of the Figs. 6—8, and three similar pictures with F23 replaced 
by F;. When the point P lies to the left of the origin, the upper of the two curves 


4% vær 


X3 


%3 
Biesldsklhertinalkedoman org EO Ry 05 Fig 12:ETherfinalkdomaine for kysser ER 05 
Ty Y2— T2 Y; < 0. Ty Y2t TY, > 0; 7, Y2— XY, > 0. 
F.g and F;3 goes to the origin (cf. Fig. 4). Therefore, the final domain is as in Fig.12. 
In this two-dimensional picture the domain consists of two parts, one above the curve 
F,, and one around the negative, real axis and bounded by the upper one of F23 
and F,3 and by the S-curve. When the point P lies to the right of the origin, the 
boundary goes through the point P and has a prong along the real axis down to the 
origin. Å more important qualitative change that might happen in Fig. 12 occurs 
PA 
SR Bd 
SR BG 
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corner NS no corner GG no corner 
& | BB 
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Fig. 13. The final domain for y, > y, >0; 
CT Y2 X,Y; < 0; Ty Y2— X,Y, > 0. 


Fig. 14. General summary of the final domain. The 
figure indicates the position of z, relative to z, for 
the different cases to happen. 
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when we have %; y,8+4%,Y; < 0. In that case we get Fig, 13, where the domain of 
analyticity is connected also in the two-dimensional picture. At the same time, a 
corner” between the two curves F,, and F,, has appeared in the point C with the 
coordinate given by (49). In Fig. 13, we have also put the point P to the right of 
the origin. This is independent of the appearance of the corner, and we have four 
possible combinations depending on the relative position of z, and z,. Å survey of the 
different possibilities is given in Fig. 14. 

We have now obtained a complete description of the domain of analyticity for 
our functions. ÅA very characteristic feature of our result is the appearance of the 
corners or intersections between the different analytic hypersurfaces that appear. 
We have already mentioned one of them in Fig. 13, but also want to point out that 
there is another corner in our domain connected with Fig. 11. When z, and z, are col- 
linear (ie. ty 5-7, y, =0), the S-curve”degenerates into a straight line through 7z,, 
Z>, and the origin. This line is a self-intersection of the S-boundary and also forms 
a corner in our domain. In the discussion below, these different corners are of para- 
mount importance. 


VI. Analytic Completion and Natural Domains of Analyticity for Functions 
of More than One Complex Variable. 


It is an important phenomenon in the theory of analytic functions of more 
than one complex variable that an arbitrary domain in the 2 n-dimensional space of 
n complex numbers cannot be a domain of analyticity for an analytic function. 
Therefore, it is in general possible to continue every analytic function regular in a 
given domain into a somewhat larger domain. This larger domain is called "the en- 
velope of holomorphy” of the given domain, and the process of continuing a given 
function is conventionally called '"analytic completion”. A domain that is equal to 
its own holomorphy envelope is called a "natural domain of analyticity”. Although 
these concepts are well known and extensively treated in the mathematical literature, 
they have found very few applications in physics so far and cannot be considered 
standard tools for theoretical physicists. For the convenience of the reader, we there- 
fore want to give a summary of the basic concepts and methods in this field as far 
as they have applications in the physical problem under investigation. In this dis- 
cussion, we do not try to achieve complete mathematical rigour or generality. For that 
purpose we have to refer to the mathematical text books?”, 

We start by considering the following, much simplified problem”. Suppose we 


12 H. BEHNKE and P. THULLEN, Ergebn. d. Mathem. 3, Nr. 3, Berlin (1934) and S. BocHNER and 
and W. T. MARTIN, Several Complex Variables, Princeton (1948). A corresponding phenomenon does not 
happen for a function of only one complex variable. In that case, it is possible to construct a function which 
is analytic in an arbitrarily given domain and has singularities at every point of the boundary. Cf. L. BIE- 
BERBACH, Lehrbuch der Funktionentheorie I, Berlin 1930, p. 297. 

13 Cf. the book by BøcHNER and MARTIN in ref. 12). p. 64ff. 
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have a function F(z,, z,) of two complex variables z; and Z,, analytic for all values 
of the z's except the point z;=2,=0. We then form the integral 


ce =N REE Zo) (55) 
PREV ORNE 


over a path C parallel to the z,-plane. This path is illustrated in Fig. 15. As an example, 
we can think of C as being the unit circle for t and independent of 2z,. It is evident 
that the integral I is an analytic function of both z, and z, and that I=F for z, different 
from zero. However, we might move the path C down to the z4-plane in Fig. 15 and 
I is still an analytic function of z, regular also for z;=0. As z,=0 when C lies in the 
Z-plane, the integral I is an analytic function of the two z's regular also at the origin 
and coinciding with the given function for z, + 0. Therefore, it provides an analytic 
continuation of the given function outside the domain where it was originally defined, 
i. e., in the point z,=2,=0. The same technique can be used to-continue a given 
function into any isolated domain around the origin. Further, in the situation depicted 
in Fig. 16, where the function F(z,, z,) is known to be analytic everywhere above the 
Z-plane and outside the horn protruding from it, an integral along the path C in the 
same way provides an analytic continuation of F into the horn. 

There are two essential features of these examples that make the application of 
this technique succesful, viz., that we can find a path of integration for the integral in 
(55) parallel to the z,-plane and that we can displace this path in such a way that 
all points inside the path are regular points. The analytic completion can proceed as 
long as the path C lies entirely inside the original domain of analyticity. In the 
example in Fig. 16, we therefore get the result that our function is analytic at all points 
above the z;-plane. The plane is thus the holomorphy envelope of the given domain. 

From this discussion it should be clear that certain convexity properties of the 
given domain decide how far an analytic completion can be carried out. If, e. g., we 
have a function that is regular in the domain inside the horn in Fig. 16 and above 
the z,-plane, it would not have been possible to make any analytic completion for that 
domain. Only very special surfaces have the property that they can be boundaries 
from both sides. An example of such a surface in Fig. 16 is the z,-plane which can 
obviously be the boundary of a domain of holomorphy from either side. 

The situation outlined above appears to be comparatively simple, but a com- 
plication is introduced because we might make an analytic transformation of our 
variables z, to new variables z,. It is quite possible, and usually the case, that a 
situation which is simple before the analytic transformation is so complicated after it 
that it is not easy to decide off-hand where the holomorphy envelope lies. On the other 
hand, the opposite might also be the case and it might happen that, with the aid of 
a suitable transformation, a complicated domain can be cast into a form where a 
direct application of the technique just described is possible. In fact, this is the way 
in which we compute holomorphy envelopes in this paper. Roughly speaking, we 
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thus have the situation that, if it is possible to find some analytic transformation such 
that the boundary of our domain has the convexity properties indicated in Fig. 16 
after the transformation has been made, then it is possible to make an analytic com- 
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Bis STS The path Cain Eqs (95): Fig. 16. Analytic completion into 
a "horn” for a function of two 
complex variables. 


pletion of the functions involved. Å further elaboration of this statement leads to the 


introduction of the notion ''pseudoconvexity” of surfaces!, This is a property of the 
surface that is invariant under analytic transformations. The sign occurring in the 


Fe 


Fo? 


Fig. 17. The shaded Fig. 18. Analyticity domain for the function H(z) 
parts are outside the obtained from a perturbation theory calculation 
analyticity domains. of the vertex part. 


pseudoconvexity condition decides from which side the surface can be the boundary 
of a domain of analylticity. In particular, only those surfaces for which the pseudo- 
convexity inequality becomes an equality can be boundaries from both sides. We 
do not want to enter into a detailed discussion of the notion of pseudoconvexity here, 
but mention the following result which is important in our applications. An analytic 


14 Cf. BEHNKE and THULLEN, ref. 12), pp. 27—32. 
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hypersurface, that is a 2 m—1 dimensional manifold defined by r=F(z2,), where r is 
a real parameter and F an analytic function of the z's, is pseudoconvex from both 
sides. By making an analytic transformation and introducing r as one of the vari- 
ables, the hypersurface is brought into the form Im(r)=0, which is a plane through 
which it is impossible to make an analytic completion. As the boundary of our 
domain in the previous paragraph is made up of pieces of analytic hypersurfaces, 
this result tells us that the only points where it might be possible for us to continue 
our functions in general are the corners mentioned at the end of the last paragraph. 
This leads us to quote the following two results. Suppose we have two domains that 
are bounded by two analytic hypersurfaces. Suppose further that two of these sur- 
faces intersect and form a "corner” of 2n—2 dimensions. We then have (i) The 
domain formed by the intersection of the two original domains is a natural domain of 
analyticity (cf. Fig. 17a) and (ii) the domain formed by the union of the two given 
domains is not a natural domain of analyticity, unless the corner is an analytic mani- 
fold (cf. Fig. 17b). The proof of (i) is essentially trivial as we can take the sum of two 
functions, each one with a singularity on one of the given hypersurfaces, and thereby 
get a function that is regular in the intersection of the two given domains, but 
cannot be continued beyond this intersection. Therefore, the intersection of the two 
given domains is its own holomorphy envelope. The proof of (ii) is somewhat more 
complicated. An elementary argument has, e.g., been given by KNEsSERrR!5, We do 
not repeat his proof here, but mention that it makes use of exactly the tools described 
above, viz., analytic transformations with the purpose of bringing the corner into such 
a shape that a direct application of integrals like (55) is possible in the new vari- 
ables. In fact, it was after having studied KNESER's paper carefully that we decided 
to try this technique in our problem. 


VII. Analytic Completion through the Corner Formed by the 
Self-Intersection of the S-Boundary. 


We now return to the discussion of our problem and first direct our attention to 
the corner formed by the S-curve in the limiting case of Fig. 11, when z, and z, are 
collinear. This is a corner of the kind illustrated in Fig. 17b, and we are thus able to 
continue our functions through that corner. However, the corner is not in such a shape 
that it is possible to apply our technique with integrals like (55) immediately and get 
simple results. In this situation, it is informative to ask what simple examples cal- 
culated in perturbation theory can teach us about possible singularities. It is not very 
difficult to compute both the function F(z,) and the function H(z,) in first, non- 
trivial order of perturbation theory for the case of the so-called ""vertex function”. 
Ås is shown in Appendix III, one then gets the result that the function HÆJEinkthis 
approximation is analytic in the product of the three cut planes!&, On the other 


15 H. KNESER, Math. Ann. 106, 656 (1932). 


16 The higher order perturbation theory expressions for the vertex function have been studied by 
Y. NAMBU, Nuovo Cimento 6, 1064 (49957) i 
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hand, the function H(z,) does have non-trivial singularities. From our result in the 
Appendix it follows that the perturbation theory expression for H(z,) can have a 
singularity anywhere inside the shaded domain in Fig. 18. The equations of the 
curves Fr, are the same as the equations for the curves Fx, in (31), except that the 
parameter r now has negative values. From this result we immediately conclude that 
the holomorphy envelope we are looking for cannot lie beyond the curves Fy,, and 
there is the possibility that the two F,-curves are in the boundary of the envelope. 
Actually, this is the case, which we now proceed to prove. 

We first remark that if we, e.g., put z; in the upper half-plane and z, and 2, in 
the lower half-plane, the six-dimensional region bounded by the three cuts (note that 
each cut is a five-dimensional analytic hypersurface in our six-dimensional space) 
and the two branches of the S-curve, and inside which we might a priori have singu- 
larities, is entirely separated from all other regions with singularities. Besides, there 
are five other similar domains which are obtained either by putting z; in the lower 
half-plane and/or by permuting the z,/s among each other. When we know the holo- 
morphy envelope of one of these domains we get it for the others by simple per- 
mutations. 

Ås we have a conjecture about what the holomorphy envelope is, it is reason- 
able to make an analytic transformation and introduce the parameter of the expected 
answer as one of the new variables. If the conjecture is correct, we shall get a situation 
similar to Fig. 16 on one side of the real axis of the new variable and be able to do 
the continuation without difficulty. Actually, it is also convenient to introduce another 
new variable to simplify the S-curve a bit and write 


JE N=RRr | 
P (56) 
=> (217 UW). 
The inverse of this transformation is 
1 É 
r=5 [422-734 /20)]. | 
(56a) 
1 
15 [217 Do Zs +1/ACz)] | 


When r is negative and real we are, according to (52), on the analytic hypersurface 
Fog. (The-quantity 4(z) is defined in Eq. (52a)). Because of the appearance of the 
square root in (56a) this transformation is not one-to-one. For every point in the 
z-space we have two points in the space of z;, u and r. This means that our six singu- 
larity domains mentioned before are mapped on twelve domains in the new space. 
All these domains are still separated from each other. This can be seen if we make 
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the mapping unique, e. g., by introducing a cut along the hypersurface 4(z)=Q with 
0 a positive, real number and defining the square root to have a positive, imaginary 
part. Our statement then follows from the fact that the cut lies entirely inside the 
original domain of analyticity and never touches the singular regions!”. Therefore, 
the mapping is locally one-to-one in a neighbourhood of the singular domains. 
The transformation (56) and (56a) is constructed to treat the case when z, lies 
in one half-plane and z, and z in the other. For definiteness, consider the case in Fig. 


| 
Fig. 19. The u-plane after the transformation (56). 


19. This figure shows the complex plane of the variable u for fixed values of z, (in the 
upper half-plane) and r (also in the upper half-plane). The analytic hypersurface cor- 
responding to the cut in the zZ,-plane (i. e. Z,=Q90, eQ real and positive) intersects the u- 
plane along a horizontal line to the right of the point r. The zz —cut corresponds to a 
circular arc between the origin and the point z, and with the slope rz, at the origin. 
(The rest of the circle corresponds to the negative, real axis in the zz-plane). As 2; 
is in the upper half-plane, we are interested only in the case when z, and z2 lie in the 
lower half-plane, i. e., in that part of the u-plane in Fig. 19 that lies below the horizontal 
line through r and outside the circle. 


17? From (52), it follows that 2(z)=Q never intersects any of the F's except in the self-intersection, 
which we have shown never to be on the boundary of our domain. In a similar way, it is seen that 4(z)= 9 
never intersects the S-curve, except when 


== 1 
(238=) 214 224044 21289=2, (1—k)+ 2, (1—) 
or oz 


Therefore, z, and Z, have the same sign for their imaginary parts. As both 4(z) and the S-curve are invariant 
under permutations of the z's, it follows that all z”s must lie in the same half-plane for 4 (z)= 9 to intersect 
the S-curve. In that case, however, the S-curve is not the boundary, which proves that 4 (z)= 9 lies entirely 
on one side of the boundary. As these points trivially lie inside the domain of analyticity, e. g., when z, 
is on the negative real axis, it follows that the whole manifold lies entirely inside the domain of analyticity. 
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Å simple calculation yields the result that, in terms of 24, u, and r, the S-curve in 
(40) (- co < k<c) is given by 
bader | 
| (57) 


and i: 


i. e., two straight lines through the origin and the points z, and r, respectively. Accord- 
ing to what has been said above, only those parts of these lines that lie in the lower 
half-plane are relevant for our discussion. 

When the point r lies on the line through z, and the origin, the two lines repre- 
senting the S-curve coincide. As is nearly trivial and also easily checked with the aid 
of (56), this corresponds exactly to the limiting case of Fig. 11 when z, and z, are 
collinear, i. e., to the corner in the S-curve. When r moves to the right of this line, we 
see by inspection from (56) that a point with u on the relevant part of the S-line through 
z1 has Im (22/24) > 0. According to Fig. 14, such points are inside the original domain 
of analyticity. As the S-curve is the only possible boundary in the region we are con- 
sidering, it follows that all relevant points in the u-plane (i. e. outside the circle and 
below the horizontal line through r) åre regular points. In a similar way it is seen 
that when r moves to the left of the line through z,, those points in the u-plane that 
lie between the two S-lines are outside the domain of analyticity. By changing r in this 
way we are hence able to move our u-plane from a position where essentially every 
interesting point is inside the given domain to a position where a certain region 
(bounded by the two S-lines) is outside the domain. This corresponds roughly to the 
situation in Fig. 16 when the plane with the path C in it is moved from above the 
peak of the horn and downwards. The only difference lies in the fact that the '"singu- 
lar region” in the u-plane is not isolated because it is open at infinity and tied to the 
circle representing the z2-cut at the origin. It is therefore not possible to introduce a 
closed path of integration in the way we want it. However, this feature of our transfor- 


mation can be improved if we introduce infinitesimal "curvature terms” in the fol- 
lowing way: 
& 
u=t+4 E” | 
1 50 (1 Ferdd 2), ( (58) 
' E 
EAN É 183 14 Bi: 
where £, &,-. &4 are infinitesimal, (complex) numbers. If £ is not very near the 


origin or very large, the t-plane practically coincides with the u-plane with r and 24 
in the positions rr” and z 00) Therefore, we have essentially the same picture as in 
Fig. 19, except at the origin and very far out, but these are exactly the two regions 
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where we want to change the character of the excluded domain a little. The line u 
=—o9r (eQ real and positive) becomes, after the transformation (58), 
(0) 


148142). (59) 


E 
147 = —0T 


For large values of | t | we can neglect the terms with & and & in (59). The curve (59) 
then becomes 
— or) 
er 
er 60 

1+981 rd) 0) 
which is a circle starting from the origin with the slope —rW and ending at the point 
— 1/2. With the same approximation the curve u=—Q 2; becomes 


Her 
er en (61) 
1+ 082 Z40) £ 

i. e., a circle between the origin and the point — 1/8. If we choose &; real and positive 
and & real and negative, the two end points of the two circles both lie on the real 
axis and on opposite sides of the origin. Therefore, they must intersect in some point 
with a very large absolute value of t. The domain bounded by the two circles and lying 
between the origin and the other intersection is then certainly outside the domain of 
analyticity. To decide what happens on the other side of the intersection we remark 
that the z,-cut now appears in our picture as a line from the point — 1/8, with the slope 
1/20, svhile the continuation of this line on the other side of — 1/&g corresponds to 
the negative, real z,-axis. In a similar way, the z2-cut corresponds to the curve 


ER ER EP ANNE ES ED EE SO Ey, (62) 


In general, this is a somewhat complicated curve, but, as & and &g are infinitesimal, 
it is easily seen that this curve consists of two parts, one of which is practically the 
circle in Fig. 19 and the other a straight line from the point —1/8, with the slope 
—1/rY, Again, the continuation of this line on the other side of the point — 1/8, cor- 
responds to the negative, real z,-axis. As the negative, real axis of any of the z's is 
inside the analyticity domain, and as the S-curve is the only possible boundary in 
the region we are considering, it follows that the region on the other side of the inter- 
section of the two circles lies inside the domain of analyticity for our function. The 
situation for large absolute values of t is illustrated in Fig. 20. After the transformation 
(58) it is now possible to introduce a path of integration that is closed at infinity. 

Very near the origin we have, instead, to consider the terms with £, &, and &4 
in (58). The curve (59) is then approximated by 


(0) 


(63) 


t+- = — uld 
' er str: 
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In general, this is a somewhat complicated curve, but the special case &= — & is simple. 
The curve then reduces to the straight line 
NE BT Re (64a) 


Fig. 20. The t-plane after the transformation (58). " Fig. 21. The t-plane after the transformation (58). 
This figure shows the behaviour for large, absolute This figure shows the behaviour for small absolute 
values of i. values of t. 

(and the point /=—£,). In a similar way, we find for &, = —8,= & that the curve u= 


—Q9 2, becomes the straight line 
1=—00 71489. (65) 


If we choose & real and positive, we get the configuration shown in Fig. 21. The two 
lines intersect in a point æ, determined from 
t= —09 z(0) Æ rr ne (66) 


Writing for simplicity 
eN, 
Z 75 
i (67) 


rr, + LEES 
we find from (66) 

Ø; 2 cor 
EET ES Sy (67a) 
Uy1 x1 Ty == y1 Tay 
Ås might be expected, the point 4, is a point on the self-intersection of the S-curve. 
This can be proved if we compute the quantities u, r, and z4 from (58). At the point 


tg we find 
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u= 00 ER , 


z(0) ro) 


pe Lg i (68) 
fy 
(0) z(0) 
Sark er 


These three numbers lie on the same straight line through the origin and, according 
to the remark made in. the paragraph after Eq. (57), this is a point on the self- 
intersection of the S-curve. If we consider a point t=t,+d with då a complex number 
of the form & AE Bar DÅ where &« and / are real numbers, we find 


DE MRS lyt td eg | sr) (0) | 
r r0) fc re tyst 09 fot to 20 (69) 
RER SEE: SE 
Therefore 
Ø PÆN | Ty y1 ) 
mee 0 +f Å 69a 
| r ) oe? | re) [2 | 20) [2 ( ) 


For positive values of & and f, i. e., for a point t above the point £, in Fig. 21 and be- 
tween the two lines representing the S-curve, Im (z4/r) > 0, and this point is inside 
the domain of analyticity. The only region in Fig. 21 which is not inside the domain 
of analyticity is then the domain between the two lines and below the point £,. This 
shows that we can close our path of integration also for small values of t and then 
carry through the analytic completion according to what was said before. 

The analysis given so far in this paragraph shows that we can find an analytic 
continuation of our functions as long as Z, lies in the upper half-plane, z, and 2, in 
the lower half-plane, and as long as Im (r) > 0. In the limiting case when r comes 
to the negative, real axis the circle representing the z, cut in Fig. 19 degenerates into 
a straight line that coincides with the left S-line. At the same time, the line representing 
the z,-cut comes down to the real axis and coincides with the right S-line. These two 
cuts stop us from carrying the analytic completion further. According to (56a) (cf. 
also (52)), a negative real value of r is a point on the analytic hypersurface F2. 
Using the complete symmetry of our domain we further conclude that, when z, lies 
in one half-plane and z, and z, in the other, we can at least continue our function 
to that part of the analytic hypersurface Fy, which lies in the same half-plane as Zi 
and Z,,: We now finish by remarking that the F,, surfaces do not intersect each other 
and do intersect the cuts in the points P and in the origins. The corners formed at 
the points P are of the kind shown in Fig. 17a and therefore do not allow us to con- 
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tinue our functions further. The corners formed at the origins are of the type shown 
in Fig. 17b, but are here the analytic manifolds z,=0. Therefore, it is not possible to 
continue through these corners either. Besides, the explicit example mentioned earlier 
from perturbation theory in p-space (cf. Appendix III) shows that we certainly cannot 
continue beyond the curves F,. 

Summarizing, we have proved: When the point z, lies in one half-plane and 
the two points z, and zZ,, in the other, the holomorphy envelope of our domain is given 
by that piece of the analytic hypersurface Fy, that lies in the relevant region (cf. 
Fig. 18). This solves one part of our problem. 


VIII. Analytic Completion through the Corners Formed by the Fz;-Curves. 


When all points zx, lie in the same (upper) half-plane, the given domain is 
bounded by pieces of the hypersurfaces F,, in (31) and (47). (Cf. Figs. 12 and 13). 
This domain is not a natural domain of analyticity because of the corners appearing 
at the intersections of these F,,-surfaces. One such corner is shown in Fig. 13. A dif- 
ierentimtersectontofalsimilar"corner istobtained Teton Fis 12 for VE yen that 
case, the two surfaces F,, and F,, coincide in the picture and form a corner in the 
boundary. Here, the situation is more complicated than the situation discussed in the 
previous paragraph because the domain with singularities is not separated into several 
parts, each with only one corner in it. Rather, all three corners formed by the inter- 
see Honskk NE se OLE sekand RE rs Es havertolberconsideredetogetherskk urther! 
we have no guide from perturbation theory results in this case, as the function com- 
puted in Appendix III has no singularities when all the z,'s lie in the same half- 
plane. However, it can be shown by examples that cur functions might have 
singularities also in this case"%, Since our principle of introducing the parameter of 
the expected answer as a separate variable does not work until we have some con- 
jecture as to what the answer might be, this appears to be a somewhat desperate situ- 
ation. Nevertheless, as the transformation (56) worked so well in the previous para- 
graph, we optimistically try a similar transformation here. To make it more symmetric 
in all the variables we introduce a variable v instead of z, in (56) and write 


zZ;=U+v, 

ZEIT 

É i (70) 
v 

BET, 

9 u 


18 Such examples have been constructed by R. Jost and were explained to us by H. LEHMANN. We 
want to thank both professors Josr and LEHMANN for valuable discussions. 
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The inverse of this transformation is 


We 5 (3 — Zo — Ig +V/A(z)] É 
u=5ln or za VIG). (70a) 
G -5 (2, Ton s —VAG)] 


As is most clearly seen from (70a), real values of r, u, or v correspond to the analytic 

hypersurfaces F23, F,,, and F;3, resp. As before?”, it does not matter which sign we 

choose for the root in (70a), if only we take the same root in all three equations. 
In these new variables our boundary curves are given by 


Fo: Uu=—0Q 07 r=u40Q 


ut+tv 
Fog: r=Q or reg 
v 
IE: pE or == == 2: 
13" Q SE; | ER 


Ze Cut: UD =03 


Bo GULVET UL OB 
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zZs-cut: DE 055, 
Oos 


If we fix the values of u and v and plot all these curves in the r-plane, they are all 
straight lines, except the z;-cut and one branch each of F,, and F;,, which are not 
seen at all (unless Im (u+v)=0 or Imu=0 or Imv=0, in which case the whole r- 
plane lies in one of these manifolds). In this way, we might make a new set of pictures 
and replace the complicated curves in Figs. 11—13 by straight lines. However, the 
variables u, v, and r are somewhat less useful for physical applications and we do not 
want to use the u, v,r picture otherwise than as a tool for calculations. Instead of 
doing all this plotting, we go one step further at once and introduce the following 
transformation: 


u= ud), 
væv (TE) 
pr (0) 


| (72) 
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This transformation has the property that the point t=0 corresponds to an arbitrarily 
chosen point uW, 49, 7(9, Further, all points t correspond to the same value for u 
and for the product vr. The curve v=—Q is mapped on the line := —1—9/v' and the 
curve r=Q on the line t= —1+rY/9, The other branch of Fog in (71) is also mapped 


on a straight line, viz. t=—1—+r9/40 + 9/v(W, while the other branch of F73 is repre- 
z —É he 


aa 3er 
Fig. 22. The t-plane after the transformation (72). Fig. 23. Typical configuration of the z, when r'!” and 
For simplicity, we have written u instead of u? etc. y —vY are positive and real. 


in this picture. 


sented by the circle 7=—1—rV 40) (9 19 + 70) (0, Further, the z,-cut is given by 
the straight line = —(uY + 29/90 + o/vY and the z,-cut by the circle 1=—1+ 
0/40 -— 6). These curves are shown in Fig. 22. The z,-cut and one branch of Ek roRiS 
not seen in the t-plane. The other branch of F;, is a rather complicated curve given by 

r(0) 


Es (en 
RE EG 


u(0) É 
040 (1 +18)" 5%, 


It has two disconnected parts, one of which starts from the point —1—u9/4(9 and 
approaches an asymptote in the —1/v'Y direction. The other part goes from the point 
—1 to the point —1+r/49, Fortunately, the details of this curve are not important 
for the following discussion. 

The configuration shown in Fig. 22 corresponds to u'” and v' in the upper half- 
plane, while r'Y is in the lower half-plane. In the limiting case when r'Y and — ve 
are both positive and real, we are according to (71) on the corner between F,, and 
F15 for t=0. In z,-space we then have the situation indicated in Fig. 23. If now r'W 
is moved into the upper half-plane or — 1/v'Y into the upper half-plane (or both), one 
sees from (70) that the point z,, and therefore also the origin in the t-plane, lie inside 
the domain of analyticity!?, However, if we move both rQ) into the lower half-plane 


(0 


19 If we change, say, only rY in the way just indicated and keep v? fixed, the point z, still lies on 

the curve F;,. However, for this change it follows from (70) that z, moves downwards, and therefore F;; 

lies below F,,, and the point z, lies inside the domain of analyticity (cf. Fig. 12). In a similar way, one sees 

that z, lies on F,, and therefore inside the domain of analyticity if only v” is moved into the upper half- 
BX 
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and vY into the upper half-plane, it can also be seen from (70) that the origin in the 
t-plane lies outside the domain of analyticity"?, provided that the particular part of 
the corner we happen to be looking at is on the boundary of our domain at all. 
Whether or not that is the case is a question of the relative magnitudes of —rY (0 
and |uYW|?, In Fig. 22, this is reflected in the position of the curve F,, relative to 
the origin. If we have the position shown in Fig. 22, where no branch of F;, 
encircles the origin, the origin is outside the domain of analyticity. The excluded 
domain is then bounded by the two straight lines Fy; and F,3 and by pieces of the 
curve F,,. We now simplify our problem a bit by considering as excluded also those 
pieces that lie between the two straight lines and the F;, curve. This means that we 
make our originally given domain of analyticity somewhat smaller than it really is. 
It still has the corner between F;3 and F2, but not the other two corners shown in 
C, and C, of Fig. 22. The holomorphy envelope that we compute for this simplified 
domain always lies outside the holomorphy envelope of the complete domain. In this 
simplified domain, the corner between F,, and F;3 is the only corner we have and is 
always relevant. 

We now have a situation somewhat analogous to Fig. 19 with an excluded wedge 
which shrinks down to a line and disappears when we pass the corner. As before, the 
excluded domain is open at infinity and attached to a fixed point (—1) at the edge, 
so it is impossible to introduce a closed path of integration around it. As before, we 
can improve upon this situation by introducing infinitesimal "curvature terms” in 
analogy with Eq. (58). Here, it is sufficient to write, instead of (72), 


v=v00 [1 +) 902] | 


(74) 
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with &, &”, 0, and å” real infinitesimal numbers. The two straight lines in Fig 22Faåre 


sæ ; (ORES 
now changed to two hyperbolas with centers at the points mn ed and 3 Se OM 
EVv [> 
id Ek. fer 
resp. The two curves start from the points sg Es IE V1 4200 v(0)| vw =1—svV gt 
2 gv) 


mrs: i ås 46" E id : 
and Wi HH 1 +79) e" |æ—1 æg. The slopes of the asymptotes are given 


TEN 6 le LEDE E R KØL 0 
by (0) e'= and FO e'2 for the first hyperbola, and by —rYWe'5 and —irYe'> for the 


second one. If the two angles då and 0' fulfil the inequalities sin å > 4 av) and 
Sint OSSE 0) » we get the situation indicated in Fig. 24. (If the two inequalities 
VAND be 


plane. If we Uhen move first one point and then the other, the first moving in the direction just indicated, 
we see from Fig. 22 that no piece of the boundary crosses the origin. Therefore, the origin is still inside the 
domain of analyticity. Finally, if we move rY into the lower half-plane, z, lies on F;,, which, however, is now 


the boundary as the point z, now lies above z,. Moving — 1/vY% into the upper half-plane, we then get the 
point z, outside the domain of analyticity. 
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for d and 0' are not fulfilled, the hyperbolas do not intersect at infinity, but 
approach their asymptotes from the other side). With the aid of the method 
used before, one can show that the intersections between the two hyperbolas 
correspond to points on the corner between F;3; and F,, and that only the region 
between these two intersections lies outside the domain of analyticity (cf. Fig. 24). 
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Fig. 24. The t-plane after the transformation (74). 


As long as the angle between the directions r? and —1/v' is smaller than xx, the 
region lying outside the domain of analyticity is finite, and we can introduce a 
closed path of integration around it and use the integral (55). For those positions of 
rY and v'W which we are discussing now, it follows from Fig. 23 that z and z» are always 
in the upper half-plane. For the corner to be on the boundary it is then necessary 
that also zz=rv/u is in the upper half-plane. As uQ) ljes in the upper half-plane, it fol- 
lows from this condition that the angle between r'” and —1/v' is smaller than x. 
In all cases of interest we can then continue our function analytically into the shaded 
domain in Fig. 22 — at least as long as u'” lies in the upper half-plane. When u'? be- 
comes real and positive, the endpoints of the two circles in Fig. 22 lie on the two 
lines F,3 and F,, and it is not possible to continue our function further using this trans- 
formation. According to (71), positive real values of u correspond to the manifold 
Fy, and we have the following result: Our functions can at least be continued analyt- 
ically from the corner between F;3 and F,3 to the analytic hypersurface FR Using 
the symmetry of our domain we can generalize this statement to other permutations 
of the indices of the F,, surfaces. Instead of Fig. 12 we then get Fig, 25. In the case 
shown in Fig. 13, the curve Fy, already lies inside the domain of analyticity and there 
is nothing to stop our analytic completion as long as all z,/s are in the same half-plane. 
Therefore, the whole cut plane lies inside the domain of analyticity in that case. 
Mat. Fys.Skr. Dan, Vid, Selsk. 1, no. 6. 6 
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The domain shown in Fig. 25 is not a natural domain of analyticity, as it has 
a corner at the intersection between the two analytic hypersurfaces F1, and FR 
There are similar corners at the other intersections of the F,4-surfaces which are not 
shown in our figure. To get further, it is informative to plot the corner shown in Fig. 25 
in the plane of the variable r in (70) for fixed values of u and v. We then get, e. 8., 


Fig. 25. The analyticity domain after the transfor- Fig. 26. The corner in Fig. 25 shown in the r-plane 
mation (74). for fixed values of u and v. 


a figure like Fig. 26. We have here put u in the upper half-plane and v in the lower 
one in such a position thåt z,=u+v lies in the upper half-plane. We are then mainly 
interested in the region where z, and 22 also lie in the upper half-plane. i. e., the region 
below the line r=u—Q and to the left of the line r =Q u/v (cf. Eqs. (71)). For the other 
parts of the diagram we have proved in the previous paragraph that one of the curves 
Fr is the holomorphy envelope for our domain. For completeness, the reievant 
Fricurves have also been plotted in Fig. 26. We now make the important observation 
that the convex closure of the domain in the left part of Fig. 26, i. e., the horizontal 
line through the point P" (the intersection between the z2-cut and F;,) is an analytic 
hypersurface. Its equation is given by r=u+v—Q. Ås holomorphy envelopes are 
sometimes connected with convex closures??, this surface is a possible conjecture for 
our answer. To follow up this idea we introduce the parameter of this surface as a 
new variable g and make the transformation 


GE UERVEÆ TE | 
IDET DE ry, | (75) 


20 E.g., the holomorphy envelope to a tube” is the convex closure of the tube. Cf. BocHNER and 
MARTIN in ref. 12. 
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The variable w is only introduced to make the boundary curves into relatively simple 
geometrical objects also in the new q, w, s-space and is of no deeper significance. Our 
boundary curves now become 


Rie: wæ=oRor RE 1 
Q 
Fog: s=Q or w+w(0—4)+Q(s—4)=0, 
' SCoS) 
En re re 
js: mu =gq-s=0 om w=q—s Er (76) 
BE cuts gg Ho 08 
(0-9) 
SBS Cut: 
cut IDE gs EF 


Zzs- cut: w=q—0. 


These curves are plotted in the w-plane for fixed values of q and s in Fig. 27. We 
have chosen q in the first quadrant and s in the fourth. Therefore, z,=q—s lies in 
the upper half-plane. We are then interested in that part of the w-plane that lies below 
the horizontal line through q and inside the circle representing the z,-cut. With the 
technique used above on several occasions, one can prove that the intersections 
between the circle representing F;, and the real axis correspond to the corners 
we are interested in. If the Fy, circle does not intersect the real axis at all (i. e. 
when the two points g and q—s lie sufficiently close to each other), the whole 
interesting region of the w-plane lies inside the domain of analyticity. When the 


Fig. 27. The w-plane after the transformation (76). 


circle dips below the real axis, the shaded region in Fig. 27 lies outside the domain 
of analyticity. In this case, this shaded region is already entirely separated from all 
other singularities of the function and we can immediately put a path of integration 
around it and apply the technique with the integral (55) without any use of special 
curvature terms. In this way, we can continue our functions analytically over the 
6= 
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whole w-plane as long as the F;g-circle lies inside the circle representing the z,-cut. 
These two circles coincide when q becomes real and positive, i.e., our new boundary 
is the analytic hypersurface q=Q. In terms of the variables Zz,, this surface is given by 


070 (27429423) 42120 tg kg 230. (77) 


This surface is entirely symmetric in all the z,'s. This means that, if we do not start 
our analytic completion from the corner between the F;, and F;3 but from some 
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Fig. 28. The curve (77) (3) for y, > 0 and y,>0 and Fig. 29. General survey of the holomorphy enve- 
TT Y2+ TY; > 0. lope of our domain. The figure indicates the po- 


sition of z, relative to z, for the different surfaces 
to be relevant. F is the surface in Eq. (77). 


of the other corners, we reach the same boundary (77) in all cases. When all the 
points Z;, 22, and Z2 lie in one half-plane, one can further show that this new surface 
only intersects the curve Fy, on the real axis of the variable 2,7". Therefore, this surface 
defines a natural domain of analyticity and is the holomorphy envelope of our given 
domain when all the points z, lie in the same half-plane. The general character of this 
surface is shown in Fig. 28, while Fig. 29 gives a general survey of the holomorphy 
envelope for our domain, analogous to the survey of the domain itself given 


21 This is seen directly if we eliminate the parameters 9 in (77) and in (31) (or (46)) and write the 
surface as an equation between xx and y£. In this way, we find that all surfaces can be written in the form 
1(x)+A(4)+484= V[A(7)-A(y) + 4 42 (x.y), 
MT) == as aL 2 RDS ED SEA RSS 
A(yY) = Yy2+ Y3+ Y3-2 Y, Y2—2 Y, Y3—2 Y2Y 3, 
i 1 
M(T,Y)= X1(Y,—Y2—Y3) + T2 (Y3—Y3—Y7) + T3 (Y3-Y1792)= 3 Im 4(2), 
Å = ykryt for Fiy, 
Å = Y1Y2+Y1Y3+ Y2Y3 for (77). 


For two of these surfaces to intersect, we must have the corresponding A equal. Therefore, Fx4 does not 


intersect (77), unless Ym (Yx+ Y1) = 0. As all yr's have the same sign this is impossible, unless one or more 
of them are zero. 
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in Fig. 14. The curve (77) has the positive, real axis as asymptote and intersects its 
asymptote in the same point P' as the curve Fy,. For completeness, we also want to 
mention that when z, and z, both approach the positive, real axis, the curves F;, 
and (77) in Fig. 28 and the curves F2, and Fy, in Fig. 18 become mushroom-like in 
structure and no finite point in the z, plane lies inside the domain of analyticity. 


IX. Discussion. 


Our investigation has led to a domain of analyticity bounded by the following 
seven analytic hypersurfaces. 


CulsFrr=o= OKSE 17233 | 
Fe, Zy 21 
Fry! SEE Ha De BEER 0<Q<o0; Ymyr 0; Yp y;E=0, | (78) 
Sd: Z12942223421273—0(2;f22+423)+07=0;0<Q<&; y1Yy220; y1,Yy320. 


It is the largest domain in which every function F7P" and H-7 satisfying the require- 
ments enumerated in the Introduction is analytic. The imposition of any additional 
physical requirement will further restrict the class of permissible F7P' and H? and 
may give rise to an enlarged domain of analyticity. For example, it is easy to see that, 
when there are non-zero lower limits on the mass spectrum of the theory, the ana- 
lyticity domain of the function H? is always larger than that given by (78). On the 
other hand, imposing the boundedness restriction on the functions KAPS VDIcDEwas 
referred to in footnote 9 (and which we have ignored in our previous computation of 
the holomorphy envelope), does not increase the size of the domain of analyticity. 
One sees this by constructing functions analytic in the domain, having the boundedness 
property and singularities on the boundary. The calculations of Appendix III pro- 
vide such examples for the Fe boundary and the cuts, and it is not difficult to con- 
struct others with singularities on J. 

To make the results we have presented here useful for practical applications, 
it would also be very desirable to have some kind of a representation for the most 
general function analytic in our domain, but with singularities in arbitrary points 
outside. There is one technique available for such a purpose, viz., an application of 
the Bergmann-Weil?? integral formula. This formula, which can be derived by 
a repeatled application of Stoke's theorem in our six-dimensional space, expresses our 
analytic function for arbitrary values of the points z, inside the domain of analyticity 
in terms of the boundary values of the function on a certain subset of the boundary. 
This subset, the so-called ""distinguished boundary”, consists of the three-dimensional 


22 An account of the derivation of this formula and its relation to other representation formulae is 
contained in F. SoMMER, Math. Ann. 125, 172 (1952). 
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«intersections of the intersections” of the five-dimensional corners. This manifold can 
be computed for our case and turns out to consist of points of the form 


Ed) SE (TE 


with æ, æ/, æx” real vectors at least two of which are time-like or light-like. These 
form a subset of those points that are obtained in the limits indicated in (19) and 
(21). Therefore, it is possible to generate the whole analytic function with the aid of 
an integral involving (a certain rather complicated kernel and otherwise) nothing 
but its values at certain "physical points”. Unfortunately, this representation has not 
shown itself to be very useful so far, and we do not want to give it here. We hope that 
further investigations along these lines will yield results of somewhat greater practical 
value. 
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Appendix I. 


The derivation of the explicit boundary curves F,, and S$, given in the main 
text in connection with Eqs. (31) and (40), has several advantages. The argument is 
absolutely rigorous, as its makes use of only the geometrical definition (18) of the 
domain and also involves only elementary, algebraic manipulations. On the other 
hand, it appears somewhat miraculous that the answer turns out to be an analytic 
hypersurface, a fact which is very important for the following discussion. Further, some 
skill is undeniably required in arranging the algebraic manipulations in such a way 
that they lead to the desired answer. In this Appendix, we shall give another deriva- 
tion of the same boundary. This derivation makes use of formal integral represen- 
tations of the functions involved. To make such an argument rigorous, one has to 
justify the inversions of orders of integrations etc. in some detail — a task we do not 
want to undertake. Without insisting on the epsilontic points, we present the alterna- 
tive derivation here, because we feel that it might give some additional insight into 
the problem. Besides, this new derivation immediately yields the answer in the form 
of an analytic hypersurface. It might even be argued that it would have been prac- 
tically impossible to find the systematic approach in the main text without having found 
the answer beforehand in some other way. 

If we once and for all decide to invert orders of integrations freely, we may 
write, e. g., the function F43C (x— 7", ax" —æx") in the following way: 
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HR 05) SS NÅ dn ap! eee FEED ES SN ES DE EEN 


=Vda fab Vac 6479 (a, b, OASE SE ON DEO) 
vo vo "Vad 


ACP (æ, uxGyDyC) = Er Sy | | dm dp le SE PAY 6 (p? +a) 0 (pEÆD) ODDER) KO CD )KO EPE 


The integrations over p and q” in (A. 2) can be done with the aid of standard 
methods. The result is? 


AP) (æ, y, a, b, c)= BES: Vær ab Q (<= / ab) rz NE 
; ” (A.8) 
EL E e (Va) (Va HYD HE (VP) 
q ar by Cry ease N DE GET )e: (A.3) 
=4 [(æy) = xx y] [c?- ab]=4(2) [Fab]. (CA BID) 


If the square roots inside the Hankel functions are defined to have a positive imaginary 
part, Eq. (A. 3) clearly exhibits A£?? as the BOER EN value of an analytic function of 
the three complex variables z;= te = —y?, and z,= —(æx+y), regular everywhere 
except on the manifold 


g+|/r=Q, (A.4) 


where Q is a positive, real number. In particular, the Hankel functions have a 
logarithmic singularity for Q=0 and a cut for 9+0. The function F727 in (A. 1) is 
also the boundary value of an analytic function which might have singularities on the 
manifold (A. 4). For most other points,the Hankel functions in (A. 3) are exponentially 
decreasing for large values of a, b, and c. If only the weight function G729 js, say, 
bounded at infinity by a polynomial in a, b, and c (this assumption also lies behind 
the argument of ref. 3 and in the discussion in the main text, cf. 9), the integral 
representation (A. 1) defines an analytic function FåBC, The only exception appears 
if one of the two complex numbers q + vr goes to infinity along a direction parallel to 
the positive, real axis for large values of a, b, and c. Ås we shall see later, this only 
happens when z, or zZ, is on the positive, real axis. 
When the variables a, b, and c in (A. 1) vary over the domain 


GEUS VE AU Te = |/ab, (CA25) 


23 The result of a similar calculation has been published by ÅA.S. WIGHTMAN and D. HALL, Phys. Rev. 
99, 674 (1955). Unfortunately, this paper contains some misprints. These are corrected in (A.3) here. 


CARD) 


(A.2) 
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while Z,, Z2, and z, are kept fixed, the two points g+ yr each cover a certain region 
in the complex plane. If none of these regions contains the origin or any part of the 
positive, real axis, or extends to infinity in a direction parallel to the positive, real axis, 
the function F729 in (A. 1) is analytic for that value of 2Z,4, Z2, and 23. To investigate 
what this means in terms of a domain of analyticity for F22 in the six-dimensional 
z-space, we consider the mapping 


ES VOVEDE ZA EZOIDE (A.6) 


The expression 4 (z) is defined in (A. 3b) (or in (52a)), while &, Ø, and t have the fol- 
lowing meaning: 


a=2>0,| | 
MEE NG | (ASTA) 
1-1 (4+//7). (A.7b) 


When a, b, and c vary over the domain (A. 5), the point q+])/T covers a region that 
is obtained by multiplying by the real number c every point of the region covered by 
t when & and $ vary over the domain (A. 7a). The domain (A. 7a) is bounded by the 
three curves «=0, P=0, and «f=1. In the t-plane, the curve «=0 corresponds to 
the straight line 

tm 3, met VAGE PE: OB co: (A.8a) 


the curve f=0 corresponds to 


== al z2+ V/A) + az; O<a<w, (A.8b) 
while x«p=1 is mapped on the hyperbola 


1 
1=23—21—22+ 42; +22; O<a< co. (A.8c) 


However, the region in the t-plane in which we are interested is not necessarily 
bounded by these three curves. It might happen that the mapping (A. 6) is singular 
along a certain curve. This means that some region in the t-plane is covered twice 
when & and f vary in their domain (A. 7a). In that case, the region in which we are 
interested is bounded by the curves (A. 8) and by the envelope 


Vi Ot 

Te | 

= 00 p 
or" ot GAS) 
da OB 
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To simplify the handling of this determinant we introduce two real numbers 9, and 
0» defined by 


With this notation, an elementary calculation yields 


RTE BØD 


.: Bk - Sa 
D= RE [2/1 — af —01P—02%] (A.11a) 
or 
2V1—a=01P 402%. (ASLE ED) 


(When z;/2, is real, a direct calculation yields «=$ 22/24. This can be considered as 
a limiting case of (A.11b) when both 2; become very large and their ratio tends to 
—2Z5/7;. If this is considered a degenerate case of our formulae, the following discus- 
sion is completely general). If Eq. (A. 11b) is substituted into (A. 6), the desired en- 
velope results. To obtain a symmetric expression we introduce 


/1-a8=0;0<o£1 CASL2Y 


as independent parameter and obtain 


i 2 

a= [o=]/0(1 +0102) 70108]; (A.13a) 
i re 

eg lo "6? oTØNE oo] (4A.13b) 


1=23—21 —2240 st 2iee (10172202) + er tere Vo? (1+0102)—0102: (A.13c) 
Q1Q2 4 Q1 Q2 

The signs in front of the square roots in (A. 13) have to be chosen in such a way that 
a« and f are both positive. This might mean that none, one, or both of the alternative 
signs are allowed. In addition to (A. 12), the value of o is also restricted by the con- 
dition that & and f are real, i. e. that the expression oc? (1+Q; 02) 70102 is positive. 
Under these circumstances (A. 13c) defines a piece of a conic section. If 1+94 Q2 is 
positive, this curve is a hyperbola, while it is an ellipse if 1 + 9; Q2 is negative. In either 
case, the curve (A.13c) is tangent to the line (A. 8a) at the point 


/ 2 Z2 å 
br 2255 VA (Z)ER SE (for o=1), (A:14a) 
01 
fomtheRtmer Ares by)Satsther point 
2Z ; 
rer AC) ir (Torre (A.14b) 


and to the hyperbola (A.8c) at the point 


The two points (A. 14a) and (A. 14b) correspond to the same value OFkoææb ute 
different signs of the square roots in (A. 13). Eq. (A. 14a) is relevant for our discussion 
only if 2Q;> 0, Eq. (A. 14b) only if 2, > 0, and EÉq. (Å. ke) oe Kor or og = Vs Im 
all cases, two of the three points (A. 14) are the endpoints of the curve (A. 13c). 


KisSAs Toros Fis ran2 Fool 
The Figs. A. 1 and A.2 illustrate the mapping (A.6). The curve drawn as —- -— is the hyperbola 
(A.8c) and the curve drawn as —-—-— is" the"conic”section! (ART 3) T OFis ther p Om SEE an deg 


and P, are the points Z,—2;,—2+ VA(2). A and A” are the points (A.14a), B is the point (A. 14 b) 
and C the point (A. 14 c). 


Figures A. 1 and A. 2 illustrate two typical cases of our region in the t-plane. In the 
same figures we have also plotted the region that is obtained if the signs of 2; and 
0» are both changed. We consider these cases together as they both appear simultane- 
ously in (A. 4). In Fig. A. 1, the region ABP, is covered twice by the mapping with 
e>0;ez>0. In Fig. A. 2, the region BDC is covered twice in one of the mappings 
and the region ÅEC twice in the other. If 0 < 0; 0, < 1, the point P, lies below the 
curve (A. 8c) in Fig. A. 1. This does not change the qualitative character of the figure. 
For 02; 0Q2=0, two of the parallel lines coincide. For —1 < 04,02 < 0, the situation is 
similar to Fig. A. 2, butthe curve (A. 13c) is still part of a hyperbola. For 0; 09==1; 
the points A and B coincide on the curve (A. 8c) and the curve (A. 13c) shrinks down 
to this point. 

Ås the directions of the asymptotes of the curve (A. 8c) are determined by the 
points zZ; and z,, Figs. Å. 1 and A. 2 correspond to one of the z's in the first and the 
other in the second quadrant. In other cases, the whole figure changes in an ob- 
vious Way. 
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lf z; and z, are in opposite half-planes, the boundary of the domain of analy- 
ticity for F429 is obtained when the first piece of the region covered by our mapping 
(A. 6) passes through the origin. Instead of discussing the condition for the curves 
(A. 8) and (A. 13c) to go separately through the origin, we give at once a general dis- 
cussion for any point of the mapping (A. 6). For t=0 we get 


4 22) 2, (1 -DP=(1=a8) AG), (4.15) 


(A. 15) can be rearranged to read 


a+s+Å 0, (A.16) 


1 
se BERG (A.16a) 
The two equations (A. 16) (and (A. 16a)) are linear, complex relations between the 
two real numbers & and f. They therefore correspond to one real pair (x, 2) each. 
For these two points in the &x, Ø space, the Hankel functions in (A. 3) have a singular 
value. However, it turns out that the product «&f$ in (A. 16) is given by 


skil 
Res < 


(24219) 


The equality sign in (A. 17) holds only when the imaginary part of s is zero. As the 
value of the product & f in (A. 17) is, in general, outside the domain (A. 7), we find 
that the origin of the t-plane is normally not inside the region of our mapping. The 
exceptional case, which is therefore also the boundary of the analyticity domain of 
F2BC, happens when the point 24, Z2, Z, lies on the analytic hypersurface 


eee (10) 2 kz 0 (ONDE) 
with k a real number. The corresponding values of & and f fulfl 
ge (0), (4.19) 


Therefore, k must not only be real but also positive. Eq. (A. 18) can be rewritten as 


ENGE SE lg JE (A.20) 


and is identical with the S-curve obtained earlier as the boundary when z4, and z$ 
lie in opposite half-planes. 

The manifold (A. 20) was obtained as the condition for 1=0 to be inside the 
region of our mapping, but without use of the condition that z; and z, lie in opposite 
half-planes. If they lie in the same half-plane, we can still conclude that the point 
t=0 is always outside our region, except on the manifold S. However, in this case $ 
is not the boundary, as one of the points P, and P, (i. e. at least one of them) is 
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always in the half-plane opposite to the half-plane of z; and z, on the manifold SS. 
The real boundary of the domain of analyticity is then given by the condition for 
P, or P», to be on the positive, real, axis, or 


TEE VIET; Oro" (A.21) 


This can be rewritten as 


- 


VE 
RENE (A.22) 


and is identical with the manifold F,, earlier obtained as the boundary when z; and 
Zø lie in the same half-plane. 


Appendix II. 


In this Appendix, we outline yet a third derivation of the boundary of WM. The 
methods used are as rigorous as the derivation given in Section IV and are based on 
ref. 7. Apart from the results obtained there we use only elementary arguments; 
the proofs will be omitted>%, 

Let 2, (the tube in the notation of ref. 7) be the set of all points £;, ...C, where 
Cj Slem are complextfour-=vectorskolethertorm 


GES ELTe (A. 23) 
and &, and %m, are real four-vectors with 
næ 0. 0 > 0. (A.24) 


Let T%, (the extended tube in the notation of ref. 7) be the set of all points A GE 
AC, where A'is any element of the"complex Lorentz group and Ek EET De 
image of T, (or T,) under the mapping 


Se SS Es 0 


is a subset, M,,, of all complex symmetric matrices of rank < 4. (Evidently M, =M). 
Qur problem is to give explicit formulae for the boundary of WM, which we denote 
OM,. We first study the boundary 6T,,, of T, and show that it suffices to consider the 
subset B,, which is the common part (4T,)n(9T,) of the boundaries of T, and I. 


74 The second-named author has profited greatly from suggestions of R. Jost on the subject matter 
of this Appendix. 
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Lemma 
Let the point c,,... 6, belong to the boundary of the extended tube, AT/,. Then, 
an Fat bem Are C Cx> J, k=1,...n has rank 3 or 4, there exists a complex 


Lorentz transformation Å such that the point 


ba lærtbg ere ANER CAÆ25) 
lrestmep 
b) if the matrix C; ege Le Eb askranke? Fork letherelexisttacomplex 
Lorentz transformation A, complex numbers c28 D= 1 En Sandal vector osuchfthat 
the point 
BE EGEDE 0 arr Ale Eee) CAs-2B) 
resten neon 
G)RTEEE RE Ra rs Ey KE IEEE nisk oftrankezeromi ne er 27 0ORforkally tand 
k, there exist complex numbers &, and Ø,, j=1,....n and vectors w; and w, such that 
C;= 0%; 0] + P;%5 with v3=w02=WW,=0. (A.27) 


The proof of this Lemma is based on Lemmas 2 and 3 of ref. 7. The points of 
B, lie on the boundary of T, and are distinguished from points lying in the interior of 
T, by the fact that no complex Lorentz transformation, A, carries them into T,, i. e. 
KERES SE ED En oneRo Fler pom ts FREE ENES eusetthisepropertyol 
the points of B, to partition it into disjoint subsets. 


Definition 
AA mont 5552 1 6,0, rn JER Ml 
a) For every ;—1 element subset C,,,....6, there exists a complex Lorentz 


transformation FA fsuch that AES Alt, ed 4. 
byklherekexrisistarelementisubs et cer Ci, such that ZETE ken Al, do not 


ar" 


belong to %, for all complex Lorentz transformations A. 


Itrrnskonrktbatii th eretexis ts lan vs eh tb ae meeen An seet ere 


exists an infinitesimal Å so that, if we write Å = 1—+M, the determination of such a Å is 
reduced to the problem of satisfying a set of inequalities of the form (Im [(1 + M) ERIE =(0, 
(Im [(1 + M) 841) > 0. The left-hand sides of these inequalities are at worst second 
degree and first degree expressions, respectively, in the twelve real parameters of 
the Lorentz group. In general, it suffices to consider the linear terms and in that 
case one gets. 


Lemma 
Å sufficient condition that £,,...6,809%, be such thai AE AE do not be- 
long to I; for all complex Lorentz transformations Å is that the inequalities 
Mat. Fys.Skr,Dan.Vid.Selsk. 1, no. 6. 7) 
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i) 
DELEN ey (A.28) 
k=1 


possess no non-trivial antisymmetric solution M,,. (Here 6,=6;—im,). The condition 
is also necessary if none of the quantities & 7% — 8, 7%, =0 for all u and v. 
The elementary theory of convex cones permits one to translate (A. 28) into 


the condition 


å 
DENE El (A.29) 
kel 
Ø 
for some non-negative 4,,k=1,....n such that 3/4, > 0. Equations of the form 
El 


(A. 29) occur in the theory of exterior differential forms??, Suppose that among the 
nx there are at most N linearly independent vectors. For notational convenience we 


suppose that %;,... nx have this property. Then 
N 
ES Pro JENS ere 0 (A.30) 
BES 
and the general solution of (A. 29) is given by 
n EN: 
DRE ED FARER Pig ze Gr J=1, Se N; Gig = 1. CAESD) 
k=N+1 Fi 


We collect the previous information in a theorem. 


Theorem 
The set BY contains the following points £,,… ne 
All points such that 
IVEN res: ULD lie on the light cone and the rest of the %'s inside and 
2) some subset %4;,... 1, of the 4... 1x, form a maximal, linearly inde- 


pendent set 
3) for some positive X's 


å N 
gr Er Dyr br Bree = I ek Nys Tr =1,...N, (A.32) 
S=N+1 sæ! BASE 
where 
ERA KEE RENE 20 PSR EN 
and kg ANS k; is a permutation of k,,.. . k,, and 
4) no subset of Cx, ...€x4 belongs to BR: INSEE 


25 See, for example, E. CARTAN, Les Systémes Différentiels Extérieurs et leurs Applications Géométriques, 
Hermann 1945, p. 11. We are indebted to R. DEHEUVELS for this reference. 
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It turns out that all other points of BY are limiting cases of the points described 
in the theorem, but we will not go into such fine points here. 

The preceding theorem parametrizes some of the points of BY, For the purposes 
of the present paper, we need a parametrization of the corresponding scalar products 
in the cases BS? and B&. To close this Appendix, we carry out the required ele- 
mentary calculations. The vectors of BY evidently correspond to z,=—62>0 or 
z5=—63>0 or both, and therefore yield the parts of the boundary we have previously 
called the cuts. For BØ there are two cases to be considered, n; and mn», linearly in- 
dependent and %; and 7%, linearly dependent. 

In the first case, we have 


&; ps Nej USD og msn Kg: ]=], 2. CA: 33) 
Therefore, 
z,=—5+2 EN ES (OR 107) 077] o0n] KOR] == 17825 (A. 34) 
Z3= 214 28—2 (888 —N 112) + 2 i (E1n5 + &5n4) | (A.35) 
=21429—2 [(19 Kog + 41 Kog — 1) FT (X77 + X22)] "112: | 


Now, defining the positive number r by the equation 


r=—2 019 97 1172 » (A.36) 
we have 


Z1:29 
BGN En SÅ (A. 37) 


which coincides with (44). From (A. 34) it is evident that the boundary points ob- 
tained in this way have y; y,> 0. Å short examination of (A.34) and (A.35) makes 
clear that for any fixed z, aud z, satisfying y; y, > 0, every point of (A. 37) is obtained 
fromt (433). 

In the second case, %; and 1%, are linearly dependent and, according to (A. 32), 


we have 
12 = Bo1 11, B21 > 0; Aj &1+ 42 Po 82 => 41 mM; 43 > 0, 42 > 0. (A. 38) 


Consequently, the scalar products are 


=: BLEGE AV 2 £2 gårde, 9 .Å2 NE 
Eee IE Al bens ae Er No + 1 $2 12» (A. 39) 
DYNER E ES + 21é, 1] >» (A.40) 
' Ås 411 ) | Ås i F 1 
EU DANES), ENDER E Serene SE 12) + —— Bo1 oo Nod ENE AÅ.41 
37217 22 | 7, Pal É5 Eyre EN] +1 1, Pen So 12 en (5) (2 ( ) 


7% 
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If we introduce the notation 


SE 
Å2 Po 
(A. 41) may be written 
Sal 
3740 -H+ (1-1) OFKESCO3 (A.42) 


which coincides with (45). It is evident from (A. 39) and (A. 40) that the boundary 
points obtained in this way have y;y,<0. Again it is easy to see that, for any fixed 
z1 and Z$ satisfying y; y» < 0, every point of (A. 42) is obtained from vectors of the 
form (A. 38). 


Appendix III. 


Ås an illustration of the analytic properties of the functions F(z) and H(z) 
discussed above we collect some results for these functions obtained from perturba- 
tion theory. As a first example, let us consider three different free fields SPY (7) with 
three different masses m?=a,. We then put A(x)= BY (7) BY (7); B(7)= DY (7) 
x BY (x) and C(x)= BY (7) SY (7) in (17) and obtain2é 


FE xx rn YO] DP ED DR (TYDE DEMO (EOS 


A.43 
me ARE RA ER ADA Ær AE f ( i 
where 


AP (æ-y, ad )=—1<0 | DC) SY (y) 105 = dper&-V 5(p?+a,) O(p). (4.433) 


Re 
Cry) 
Ås is well known, the function AW” (æ, a) in (A. 43a) is the boundary value of 


: —a JET g . : 
the Hankel function Er VE with z=—æ. This: Hankel” functiontfis 


analytic in the whole cut z-plane and the function F7P in (A. 43) is the boundary 
value of an analytic function regular when all the z;s vary independently in their cut 
planes. The domain of analyticity of this example is therefore much larger than the 
holomorphy envelope of the domain U. By computing the retarded commutator (22) 
and its Fourier transform we get a somewhat more interesting result. After straight- 
forward calculations, the following expression for the analytic function H7(z) is 
obtained : 


i d& d&2 d&3 0 (1— &1 — &2 — &3) 


g 1 270 Å 
H" € 7 7 VE SEE M)) "fad 
Gå NE DA 3 2 > . 
16% d dQ71 2 3 + Za &3 &] + Z3 &1 Xa — d1 1] — d2 2 — 3 &3 


(A.44) 


ge Expressions of this general Character are obtained in perturbation theory when the field operators 
obey equations of motion whose right-hand sides, the 'fcurrents”, are bilinear expressions in the fields. We 


may regard the expression (A.43) as a typical case of the vacuum expectation value of the product of three 
current operators. 


INrz6 DO 


The variables &, in (A. 44) are one-dimensional "Feynman variables” which have 
been introduced to simplify the formal integrations in p-space. The remaining three 
integrations in (A. 44) can be carried through, but lead to rather involved expressions. 
The result can be somewhat simplified if we differentiate (A. 44) with respect to the 
three masses 4 and add the results. In this way, we get 


o (2 oa Ser 1 y 1 do dag dag d(1—&X1—X2—%3) 
Fe GESES ETERN renee ser meg rer] 


Ås we are interested only in the analytic properties of H as a function of the 
z's, (A. 45) is quite as useful for us as the original expression (A. 44). The three 
«-integrations in (A. 45) can be carried through and the result can be expressed in 
terms of elementary functions only. We write the result as 


(A.45) 


3 3 LÆS 
N| SA EL) zå sl, 5 FO Ale log Zk—Q—dmt VR É CAR 46) 
== 0 ar SKT Pc VRy Ene VRE & 


3 
DEDA at) OU ON TEE EGN) +) URNE SEER GERE (A.46a) 
KEr 


k=1 
dD 2 
LE ae (A.46b) 
RE REE EG (KNR Eeyel (A.46c) 
We further note the identity 
PE =XG)R, +42, ØD (A.46d) 


between P,, R,, and Ø. 

The function in (A. 46), and therefore also the function H7(z), has possible 
singularities at 

(i) The points in which the functions 


ZR dm VRi 
os 
VRx o=o ER: 


have singularities. 
(ii) The points in which we have P=0. 
To discuss case (i) we write the logarithms appearing in (A. 46) in the follow- 
ing way: 
zk—Q—a VTR, Så da 
— log 1 | ————————————. CASA) 
VR EEG | anes (== ed) og tr am(1-«) 


' 


From this representation it is clear that the function in (A. 47) is analytic everywhere, 
except when z,4(1—4x)—4,%— 4, (1—%) vanishes for some value of & in the interval 
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(0,1). This only happens when z, is real and positive and bigger than (/ar+Y/ am. 
This singularity has an immediate physical significance as it corresponds to the 
threshold” for the creation of one real particle with mass |/a; and another with 
mass |/am. It may be remarked that the position of a singularity of this kind depends 
only on one of the variables z,. It follows, e. g., from Fig. 29 that, if such a singularity 
is to occur in H”, it must be on the positive, real axis. This is consistent with the result 
found here as long as the masses a, are positive, real quantities. 

In the case (ii) it follows from (A. 46d) that the squares of all the ratios Pr/Y Ra 
are equal (and equal to 4(z)). To handle the signs involved, we solve the equation 
D=0 for z, and get 


1 g É 
Se EK BEDE [(21 — d2 — 43) (29 — 43 — 47) + YR1 YR2]. (A.48a) 


Substituting into Rz in (A. 46c) we find 


Se. 


R 
4 


5 [V/R1 (25 — a1 — 43) i: VR2 (21 — a2— 43) P. (A.48b) 
3 


As the sign of |/R3 is of no consequence in (A. 46) we may choose 


i 
Vs =57— [VR (22 a; 583) FYR2 (23 = 42 a3)] (AER 
and get 
Pa Pz P> 


Vi, VRs — VRe' 


The sign in the last expression in (Å.48d) is the same as the sign in front of the 
square roots in (A.48a). We further find 


(A.48d) 


| => Kar 


With the aid of (A. 49) and (A. 48) we now get 


P ENE R; ; 
N Prog er 1 an) Bi SSR BE SE Hg (A.50) 
i Ze am- VR, VAC2) VA(z) 


on the manifold Ø=0. Therefore, the analytic function in (A. 46) has singularities in 
the case (ii) only when the integer n in (A. 50) is different from zero. The value of this 
integer has to be determined by a careful investigation of the branches of the loga- 
rithms in (A. 46). As is most easily seen from (A. 45), the function must be regular 
and real when all the z's lie on the negative, real axis. This requirement forces us to 
pick that branch of the logarithm that is real when the z's lie on the negative, real 
axis (note that the Rys are positive there). Finally, we also note that it follows from the 
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integral representation (A. 45) that the function H is analytic when the imaginary 
parts of z, all have the same sign. In that case, the denominator never vanishes during 
the integration over the variables %&,,. 

As the function (A. 46) has been constructed in such a way that it can have no 
singularities in the domain of holomorphy U found in the main text, we may use 
the results there to simplify the discussion of the position of the singularities of (A.46). 
If we fix z; and 2», e. g., in the positions in Fig. 28, we have already proved that there 
can be no singularity above the real z,-axis. Therefore, any point on the manifold 
D=0 with z, in the upper half-plane must have n in (A. 50) equal to zero. By putting 
a1=4,=0 and choosing a suitable sign in front of the square roots in (A. 48a), we 
find that the curve F;ylies in Ø=0. Therefore, n=0 on the part of F7, that lies above 
the real zz-axis in Fig. 28. When z2, passes through the point P" in Fig. 28, the logarithm 
involving ZzZ2 in (A. 46) makes a jump while the two others remain fixed. Therefore, 
n+0 on the lower part of Fy, in Fig. 28 and the function (A. 46) does have a singularity 
there B yæchoosinskaandkaskdifterentktromereromthercurvergi vene by ASS ad) ie 
Fig. 28 is displaced to the right of F;,, and it follows in the same way that the function 
(A. 46) has a singularity in any point below the real axis and to the right of F;, in 
Fig. 28”for”suitable values of a,. If we permute"z,; and z, or z, and z, and use the 
symmetry properties of (A. 46), it follows from this that our function has singularities 
inside the shaded domain in Fig. 18. The only other singularities of our function are 
of the kind (i) and lie on the positive, real axis of one of the variables z,. 

If we multiply the function H7(z,) in (A. 44) (or the function in (A. 46)) with 
an arbitrary weight function p(a;, 42,43) and integrate over the a,'s from zero to 
infinity, the result is a function that fulfils all the analytic requirements of our functions 
(provided that the weight behaves in such a way at infinity that the a-integrations 
converge). As this is a very natural generalization of what is obtained from a straight- 
forward application of perturbation theory, the conjecture that this is a general repre- 
sentation of the functions that fulfil our requirements I, II, and III im the main text 
is not unreasonable. However, this conjecture is not correct. This follows immediately 
from the discussion of the singularities given here. As we have shown explicitly that 
a function obtained in this way has no singularities in some places where singularities 
can appear according to the general argument, this representation cannot be the most 
general one. It has been suggested that one obtains a more general function still ful- 
filling all the analytic requirements by adding to such an expression terms of the form?” 


0 (1—%1—%2—%3) 
Z1 02 3+ 22 3 1 + 23 0 &a — dj 4] — 2 d2 a3%3 


(AR51) 


ds 200 » 10 00 
Å da, da, | das p (ax) | | d%&; d%&, | d &2 
vdo ly) —00 1 
and the terms obtained from (A. 51) after permutations of indices 1 and 3 and of 2 
and 3. The corresponding integrals with the denominators squared can again be 
expressed in terms of elementary functions. The result of these calculations contains 
two of the three terms in (A. 46) plus an extra term of the form 


2? J. SCHWINGER, Proc. of the Seventh Annual Rochester Conference, p. IV-32 (1957). 
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VO. gt 72 z23+)//A (2) A.52 
ANE ERCORE 235 van : å 


As we don't have all three terms in (A. 46) here, the calculation leading to (A. 50) 
cannot be carried through in general. Therefore, these terms have singularities as 
soon as Ø=0, unless some very intricate cancellations happen between the different 
terms coming from (B.9) and its permutations. As Ø=0 has roots in many places 
inside the domain of holomorphy (cf. the discussion above) it follows that the extra 
terms (A.51) are not possible as representations of our function for arbitrary weight 
functions p(a,). Further, in those parts of (A. 51) that have negative values of at least 
one of the masses a,, it follows that the "thresholds” (i) discussed above are complex 
quantities. This is in contradiction with the requirement that all singularities whose 
position depends on only one of the z's, lie on the positive, real axis. Finally, it might 
also be mentioned that the term exhibited in (A. 52) can be shown to have singularities 
inside the domain of holomorphy U. 

A characteristic feature of the example discussed above is the appearance of 
non-trivial singularities in the function H(z) in p-space, but of no singularities, except 
on the cuts, for the function F(z) in æ-space. We wantto mention that there exists an- 
other example from perturbation theory where the situation is reversed. We consider 
three scalar fields Ø, (æ) with masses m, (k=1, 2, 3) which interact with the Lagran- 
gian L;y4=4 DP, (æ) P, (æ) PB, (æ). The first two terms in an expansion of the field 
operators in powers of 4 are 


D, (x)=Dx) + 4 | AR ea RD END UV la e eenen (A.53) 
where 
(T- m?)Å, (dx, m,)=—0(æ—æx') (A.53a) 
and 
AR (rex tm) OR orker OR (A.53b) 


The first non-vanishing term in the vacuum expectation value of the three fields is 
given by 
010; (7) Ps (2) By (7) 10%=75 am de dp'e ip(a—2') + ip'(2'=a") 


i SODE GT me) NEDEN dy o(p? DSP + må) 
m PEP) 23 


0(p) O(p') 


KOGE FR DOK Pis ED) Ems 3) 


sene JU KADKIG 79) 


(A. 
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From this, we can compute the function H (z) and find the simple result 
3 
AGERER ENE (A.55) 
k=1 


This function is analytic when the variables z,, vary independently in their cut planes. 
The domain of analyticity for H (z) is in this case exactly the same as the domain of 
analyticity for F (z) in the previous example. 

The direct computation of the function F (z) from (A. 54) is somewhat involved. 
Instead of doing this calculation we remark that, if we multiply the expression (A. 54) 
with an arbitrary weight function p(m;, m», mz) and integrate it over positive values 
of the masses m,, the result still fulfils all our requirements about local commutativity 
and the mass spectrum. Of particular interest is the following special weight. 


3 
(oo VELA (rr 0) 2709. Ol 0, (A.56) 
fn 
= ik. une LE TET ses ede 
De EN REE i A.56 
ro) Kender bred me )dve oa ( ø 
With the aid of the relation 
”daA(-a, b) 
ddA Edb) EET kb .R ; 
SEA (pb) ve?” læ Eb A.57 
rÅ RD ie å(x2+ b), (A.57) 
0 


we find 
00 


IJ = | | | PE lm klm ED (REP ÆDE (EA) OD 
w . 0 


EET VD 2) 4 (pa) OG) Op Ep) | 


51000) 0 73) AN ((p= pa) 0 (p) O(P') 
+4(p?, da) 2 ((p- PP, a2) AP (p"P, ag) Q(p) O(p'—p)1. 
With the aid of standard techniques, this integral can be rearranged to read 
opl 


—A 1 W do d&2 d&3 6 (1 — &1 — &2 — &3) 
8 (277) Jddg 21 2 &3 + Za 3 1 + 23 2 KT — ad] 1] — (2 2 — (3 %3 


J= (A.59) 


This is exactly the same integral that was studied in (A. 44) and was shown to have 
non-trivial singularities when not all the z,'s lie in the same half plane. By integrating 
with a suitable weight function the result obtained from perturbation theory, it is 
therefore possible to obtain singularities off the cuts also for the function F(z) in 


X-SPace. 


(A.58) 
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It is somewhat remarkable that none of these examples obtained from pertur- 
bation theory yields a singularity when all points z, lie in the same half-plane. The 
assumplions used here about the mass spectrum and local commutativity do not imply 
such a large analyticity domain. It is an open question for the moment whether or not 
further general conditions like the unitarity of the S-matrix enlarge the domain of 
analyticity of our functions or if the large domains found in perturbation theory are 
merely consequences of the very special interactions studied there. There is also the 
possibility that these large domains are consequences of the expansions used. 


Indleveret til selskabet den 28, marts 1958. 
Færdig fra trykkeriet den 17. september 1958. 
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